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PREFACE. 



The commeneemeht of the publication of a " Treatise on the Theory 
of Algebraical Expressions," of which the first rtmnber appeared in 
1831, under the direction of the '* Society for the Diffusion of Useful 
Knowledge,'* having been accidentally interrupted, I was directed by 
the same Society to compose the present Treatise, keeping in sight the 
views of the author of the " Algebraical Expressions," at the same 
time keeping pace with the advancement made, since the former date, 
on this subject. 

The mafti view of the author of the work quoted, I learned, was to 
conduct his subject so as insensibly to lead the learner from pure 
algebraical theories to a knowledge of the p.rinciples on which the 
more advanced branches of analysis depend. To this advice from an 
excellent analyst I have adhered as well as I was able ; but, in con- 
sideration of the recent progress of the ** Theory of Equations," I felt 
it necessary to alter the plan, assuming however the propositions 
proved in the other work, to which therefore the reader will find several 
subsequent references. 

I will now D.ake a short statement of the plan adopted in the present 
work, pretnising that no treatise with exclusively the same object has 
been published of late, as far as I know, either at home or abroad. 
To collect and methodically digest the scattered elements o^this theory, 
as far as its present advanced state itnports, was attended with no 
inconsiderable difficulties ; therefore, though an object of great utility 
has been, I hope, obtained by the composition of this work, it cannot 
be expected to be altogether faultless. 

Before examining algebraical equations theoretically, it appeared 
necessary to convey a precise idea of the continuous nature of algebraic 
functions, and to show that their numerical magnitudes may be 
extended through every quantity from negative to positive infinity, 
notwithstanding the -existence of certain maxima and minima values. 
This subject is discussed iu a series of propositions, the more clearly 
to impress the reader with the steps of the reasoning. Having attained 
this object, the ordinary properties of equations relative to the existence, 
number, limits, and symmetrical relations of the roots, followed as easy 
consequences ; on these deduced properties I have not much dilated, 
as they have been already ably treated in the work before referred to. 
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I have then given the theorems of both Sturm and Fourier relativ 
to the discovery of the number of real and imaginary roots of an equc 
tion, the combination of which with the methods of approximaiion du 
to Newton and Lagrange conducts to the solution of all numerica 
equations of finite dimensions, except for imaginary roots, {^ the disi 
covery of which I have employed a method deduced from recurring 
series. These numerical applications I have illustrated by examples i^ 
a later pSirt of the work. 

The formation of literal equations being understood, I have explained 
the logarithmic method for obtaining with rapidity the series which 
analytically represent the different roots and their functions ; and have 
then shown how to effect some general and useful transformations of 
equations, and explained the algebraical solutions of the equations of 
inferior degrees, and the analytical meaning of the different surd parts 
which constitute the roots. 

The theory of binomial equations is treated much in- the manner of 
Lagrange, and the methods for the general resolution of equations are 
then discussed ; and wherever useful applications to the kindved branches 
arose, I have supplied them in the form of Scholia^ in order to preserve 
a proper arrangenient of the subject more especially treated. 

After giving several useful analytical results springing from the 
employment of the methods before given, I have passed on to discuss 
recurring series, which have been used from an early date for the solu- 
tion of equations. I have then pointed out the useful extension made 
but left unproved by Fourier; I have supplied the proofs for that 
part which was correct, and substituted right theorems for those in 
which he has committed errors. 

After then giving the various methods of approximation to the roots, 
and using all the appliances by which they may mtitually assist each 
other, and thereby facilitate the numerical solution — on which occasion 
I have also considered several properties of continued fractions— I have, 
in conclusion, considered the properties of general classes of equations 
of finite and infinite dimensions, and shown in what cases the theory 
of the former may or may not be applicable to the latter. 

All parts of the work 1 have taken care to illustrate with numerical 
or more general examples, and to draw such inferences as will be 
found useful in the higher branches of analysis. A glance over the 
table of contents, which I hope will form a useful epitome of the whole 
subject, will convey a more complete idea of the nature and extent of 
the matters here treated. 

I have availed myself of an accidental delay in the publication of this 
Treatise, to revise, correct, and augment different parts, with the view 

of rendering the work as complete as possible. 

R.M. 
February 3, 1838. 
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Article 1. The direct processes of arithmetic were at first ^ purely 
computative, as addition and multiplication. An expertness in per- 
forming these operations, arising from habitude and the assistance of 
tables committed to memory, easily conducted to the inverse processes 
of subtraction and division, and to the compound process of proportion. 
When the direct process, however, became more complex, as when it 
consisted of various multiplications and additions, the discovery of 
methods for finding the unknown quantity or quantities was a matter 
of extreme difficulty to arithmeticians, and but for the employment of 
general symbols denoting the quantities on which the operations were 
performed, the discovery of the proper inverse processes of arithmetic 
would have progressed very slowly. 

These symbols however were employed : the problems on which they 
were engaged conducted generally to simple equations, the results of 
which furnished rules for Single and Double False Position, Alligation, 
and other purposes of arithmetic to be found in the old treatises on 
this subject. 

Questions, in which the quantity sought was multiplied by itself, or 
which in symbols conducted to quadratic equations, were aflerwards 
attempted by the rule of double false position, which necessarily gave 
only an approximation. For greater readiness in obtaining the same 
object, a tentative method, similar to that now usually employed in 
extracting the square root, but taking into account the second term of 
the quadratic, was adopted, and was afterwards extended to equations 
of higher orders, a method which was not only tentative but tedious 
and barren. 

2. The actual solution of the quadratic equation in general alge- 
braical symbols was of the greatest importance *, the interpretation of 
the two roots which satisfied the equation, the consideration of these 
roots when imaginary, and the obvious relations subsisting between 
the roots and the coefficients of the given equation, much more than the 
solution of the cubic, and of the biquadratic which soon followed, tended 
to replace a string of unconnected devices by a true analysis possessing 
connexion and symmetry. Thus, in the hands of Harriot and Des- 
cartes, algebra ceased to be a system of artifices and became a science. 

This science thus opened was cultivated in this country by Wallis, 
Newton, Cotes, Waring, and Thomas Simpson, and abroad by many, 
amongst whom we distinguish Bezout, Tchirnhausen, Euler, and La- 
grange. Difficulties, however, remained, many of which have been 
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rably greater than those of any given 
mensions lower than n» 
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Let AoT + Bj?— » + Cx"-' + + P^ + Q be the given 

function, where m is less than n. 

This function for abridgment we shall denote by (x), and suppose 
M to be numerically tire greatest of the coefficients A> B, C . . • . 
P, Q, if they are unequal, or one of them if equaL 

Thea it is plain th^t M«r"* > or = Aa^^ 

Mj?"*-* > or = Bar-\ 
M^-" > or =x Gar-*. 
&c. &c. 

In the right-hand members of these relations the signs of the quan- 
tities which constitute them may be at variance, some perhaps positive, 
others negative ; if so, this would only strengthen our conclusion 
formed by taking the sums, viz., 

Mj?*" + Mj?--» + Mj-"^ + &c. + Mo? + M >, 
or, = Aj?« + Bj?"*-* + Cj;*-" + ... + Vx + Q; 

hence, M . ; — > or = 4>(j?) ; 

and supposing .r > 1, it obviously follows that 

M.^--j><f>(a;). 

Now, af : — • — - ::jf^"' 



X — 1 - X — 1 

M 
If J? — 1, and therefore x be exceedingly great, then ^ is very smtill, 

converging to zero, while of"*"* is either unity (when m = « — 1), or 
exceedingly great (when m < n — 1) ; therefore o?*"^"* is incom- 
parably greater than , and by proportion af must be similarly 

X ^ X 

far greater than =-, and for a stronger reason greater than <{> (x)* 

X *^ A 

M 
To make of" "•'* > — -. — =-, we have only to suppose (a? — l)"-"»-* 

X ^~ i 

M -^ 

-y which gives iT = 1 + M* "*, thi? value a^d much more any 



gpreater value of x will render a^ > <f>(a7). 

Example. Assign to x such a value that o^ > 1j^ + 6<^ + 5. 
Here M = 7, n— m=:l, hence a?=:8, or upwards, will have the 
desired effect. 

5. When the terms of an equation are properly arranged (Art. 8.) 
we may assign to x values so great, that any term may be made far 
greater ihan the sum of all the succeeding ; this we have seen in Art. 4. ; 
and with respect to the terms preceding^ we have an analogous theo- 
rfmt viz. 
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Proposition If. 

Po»itive values to small may be assigned to j?, that the corresponding 
values of of sliall be incomparably greater than those of any function 
of j; consisting of powers of jr higher than the nth. 

Let A4!^+ BjTH + Car** +..... Vafi'^ + Qa^ be the given func- 
tion, where m > n. 

Denoting this function by 0(ar), and supposing M to be the greatest 
coefficient, we have as before, 

MiT + Mjr+» +MjrH. . . . + Mj?»-'-+ Mjj* > or =<|) (^). 

Hence, if we continue the lefl hand member to infinity^ which will be 
convergent when «v < 1, we shall have 

Now, »" ; r — : : 1 — a? : Mj7^"% 

1 "X 

as X diminishes between 1 & 0, or"*'" also diminishes, converging to 
zero, while 1 — a; increases, converging to unity ; therefore the ratio 
1 — x : Ma;*"'** continually increases, and when x is sufficiently small, 
may be made > than any assigned ratio. Hence, x' is then incom- 

Mx"* 
parably greater than , and & fortiori than <|>(x). 

X !"■ X 

1 M 

Put a? = - , then 1 — « : Mo;*"" : : y— 1 : ^,^. ; and now to make 

M M --^ 

y- ^ >pr:^i» Pttt it = (y,.i)m-.-i » w^>ch gives y = l + M~-"; 

therefore ; — , and aforliori, any smaller fraction when put for 



.w-» 



1 + M' 
X will render a;** > (x). 

Example. Assign to jb such a value that 3x > 8t* + 9je^. 

Divide, first by 8, then M = 3, m<-9t=:l, hence a?=: j,orany 

smaller fraction will answer the condition required. 

6. These two propositions teach us what terms in a rational function 
are the most important when values exceedingly great or small are 
assigned to or, vis. : in the former case, that which contains the highest 
power of or ; in the latter, that which contains the lowest. 

To obtain a clearer insight into the reasoning of the following articles, 
it is advisable that the student should practise the tabulating of for* 
mul», or, which is the same tlung, the tracing of functions. 

If, for instance, ^(jr) is a function or formula to be tabulated, put for 
» successively. . • — 5A, — 4A, — 3A, — 2A, — ik, 0, A, 2A, 3A, 4A, 5A . • . . 
and register the corresponding values^ of ^ (x): the greater the number 
of terms to the left and right of lero in this arithmetical progres- 
sion, and the smaller the common difiereuce h^ the more perfect will 
be the table. 
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Example 1. Tabulate the formula x'— 5a:= ^ (x) 



I. J? = 


5 




4 


3 


2 


1 





-1 

6 


- 2 

14 


- 3 


- 4 


- 5 


(j?)= 


—4 


-6 


—6 


-4 

i 





24 


36 


50 


11. X = 


2 


1 


1 





-i 


^ 1 


- i 


- 2 


- i 


* (x) = 


-V 


—6 


-V 


—4 


-* 





V 


6 


V 


14 


V 



&c. 



Example (2.) Tabulate *•— 3a:« + 2x=0 (j?) 
Example (3.) a:*— 4 a;=0 (j?) 

Example (4.) '^^^p =i<f>(x) 

In the table marked I. the value of A is ], and in that marked II* it 
is ^ ; and an inspection of the consecutive values of (ai), in both tables, 
from x=2 to jr=: — 2, will show how much nearer these values are, in 
the table where h has the. smaller value. 

7. In thus tabulating (i'), if a were any particular value assigned 
to «r, the next value in the series would be ot+h^ and the result in this 
case, namely, 0(0(+A), may be derived from the preceding result 
(») by the following theorem. 

Proposition III. 

Let 0Xa) be that rational and integer function of a, which is derived 
from (cr) by multiplying each term of the latter by its index, and then 
diminishing the index by unity, each term retaining its proper sign. 

Let 0''(a) be that which is derived in the same manner from 0'(cr) 

0'"(») " 0"(«) 

&e. 

Then shall 

0(«+A) = 0W+0'(«).A+0"(cr).^ 



+*'"(«). 



0"^->(«). 



1.2.3 ' ^ ^'^'' 1.2.3... n 

For let the given function which is represented by (jr) be 

a*+ A^-*+ B ^*-*+ +P J?+Q = (a?) 

Then 

0(«+A)=(«+A)"+A(«+A)*-»+B(«+A)""«+... + P(«+A)+Q. 

Now expand each term by the binomial theorem, and let the whole 
be so arranged that lilce power of ^ stand in the same vertical columns. 
Hence 

+ Aa'-» + (n-l)Acr"-«.A+(n-l)(n-2)Ac»"-»^+...Afe"-* 

+ Ba"-«+(n-2)Ba"-».A+(7i— 2)(n-3)B«"-*— +. . . 

+ 

+P«+P.^ 

+Q 



is an aggregation of terms involving any 
ve or fractional, but in the theory of equa- 
commoniy positive integers. 

(cr)s:0 ; it is required to find the value of 

1 

, where A=. r— 

5«)=a»— 3a«+2o5=0 
a)=3a«— 6a+2=: — 1 



1.2 • ^ ^ ' 1.2.3 
1 



L4. 04- 

9 

it was seen that when ^sl0(j7)=sO, and 
99 a value differing but little from zero, 
. If h were taken, still smaller for instance, 

01, the resulting value of 0(d7) would be 

re, and by taking h sufficiently small, we 
ir that produced by substituting unity for <r 
be generally proved by the following 

Proposition IV. 

er function of x will produce an uninter- 
:h shall be nearer to each other than by any 
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assigned difference, however small, by merely assigning to a? a series of 
values with small consecutive differences. 

For let a be one of the values assigned to x in the given rational 
function (<r), and a+ A the next consecutive value of x\ the correspond- 
ing results by the substitution of these values for x are (pt) and 
(of+A) respectively. Now by Prop. III. 

-*W+0'(«)|A + -^. — + .^^.p^+&c.J 

the meaning of the accented functions being the same as that described 
in the preceding article. 

The part of this last expression enclosed between the brackets is a 
rational and integer function of A, and all the coefficients of the powers 
of A are finite numerical quantities, except when 0'(a()=O, which, at 
present, we shall suppose not to be the case. 

Now by Prop. II. a value so small may be assigned to h that the 
first term, viz. A, may be made incomparably greater than the amount 

of all the succeeding, viz. ,, , v .t~7;+ ., , x - ^ f> « + &c» 

(«) 1-2 0'(«) 1.2.3 ^ 

Hence the difference between 0(eK+A) and 0(«) may be made to 
differ by as small a shade as we please from 0^ (or) . h ; and it is clear 
that, by giving very small values to h, this may be made less than any 
assigned quantity. 

But if 0' (a) vanished, a similar reasoning would lead us to the 
same certain conclusion, for then 

0(„+A) = (»)+ -^- j A« + -^ . - + &c.} 

and the terms after A* between the brackets may, by Prop. II., be 

made to bear as small a ratio to the first A' as we please, so that the 

whole may be represented by kh\ where k is exceedingly near to unity, 

k ^ 

hence (a+A)— (oe) == — ■ . 0" («) . A*, which of course can be made 

less than any assigned quantity. 

And in the same manner we could continue to reason if 0'' (ae) 
vanished as well as 0' (»), and so on. 

But may not all the accented quantities vanish ? No, for the last term 

A* 

0"' ^*^ (or) -— is exactly A", as will be immediately seen by referring 

1 .2. %n 

to the manner in which the functions 0' (ot), 0^' (a), &c., are formed. 

Therefore, by taking A sufficiently small, (ex+A) must differ from 
(cr), and that difference may be made less than any assigned 
quantity. 

This proposition shows that (j?), which is here used for a rational 
integer function of .r, is perfectly continuous, that is, while the results 
are always real, the difference («+ A)— 0(«) i^i\4 «— A)— 0(«) 
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converge to zero, as h is made to diminish continually towards the 
same, whatever ot may be. 

9. In assigning to x an indefinite series of values which consecu- 
tively differ from each other by only very small quantities, the resulting 
values of (oe), when tabulated, present to the view the nature, if 
we may so speak, of the function ; these results may sometimes go 
on successively increasing, at another stage they may commence to 
diminish, and continue thence to diminish, up to a third stage, where 
they again may recommence to increase, and so on, or they may go on 
continually increasing or diminishing. At the stage at which the 
function ceases to increase and commences to diminish, it is said to 
have acquired there a maximum value, which, however, is not to be 
taken as absolutely the greatest of all the values in the table, but only 
of those which immediately precede and succeed it in the determined 
order of tabulation* In the same sense the function is said to have 
acquired a minimum value when,' after decreasing, it has arrived at a 
stage whence it commences to increase. Tl\e least of all the minimum 
values of which the function is susceptible is called the absolute mini- 
mum, and the greatest of the maximum values, the absolute maximum; 
the true characters by which we can recognise when a function has 
really attained its maxima or minima values, will be given a little 
further on ; the preceding observations will however materially tend 
to the comprehension of the full force of the following 

Proposition V. 

If A and C are two different resulting values of a rational and integer 
function (<r), which are produced when two quantities or, 7 are sub- 
stituted for J?, then if B be any number chosen intermediate between 
A and C, it will be the iresult of the substitution of some quantity /3, for 
Xy which is itself intermediate between » and 7. 

Let 01 be the lecist of the two quantities cr, 7, including under this 
designation a negative number relatively to zero, or a positive ; in other 
words, let 7 — « be positive. 

Again, suppose first that the result A is less than the result C. 

Now when ee+A, a+2A> a+SA, &c., are substituted in the func- 
tion for iT, h being a very small common difference, it is possible Uiat 
the results, instead of increasing and thereby approaching to C, may 
commence with diminishing ; but they cannot continue so to do in 
the interval from j?=r« to x=:7, for then they could not ultimately pro- 
duce the result C without a breach of continuity ; which is contrary to 
Prop. IV. 

They must therefore either increase all along between the above- 
mentioned limits, or, if they commence with diminishing, they must 
arrive at one or several minima values : from the last of which (that 
is, the minimum for which the corresponding value of x is nearest 
to 7) the results necessarily increase uninterruptedly up to C when j?=:y. 
All values therefore intermediate between the absolute minimum and 
C, are then passed through at least once^ and therefore by a stronger 
reason all values intermediate between A and C, are necessarily passed 
through once or oflener in the actual limits of the series of values given 
to x\ some quantity /3 between these limits (or it may be several) 
necessarily corresponds to the result B. 
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A similar train of reasoning would manifestly apply to that case 
where C is the least of the two given results. 

10. By the theorems announced in the preceding propositions, we 
are enabled to trace rational functions, and observe the values of which 
they are susceptible ; we can thus know whether a possible or impos- 
sibte condition is imposed when such a value is to be assigned to x 
that ^ (x) may acquire a certain given value ; for uniformity this given 
value is made to be generally zero ; if it were otherwise, as 7, we may 
bring it to zero by transposing 7, that is, subtracting 7 from {x) (vide 
Art. 3) ; should the condition thus be possible, it must be verifiable by 
some value or values of j? from — od to + od (which are usually termed 
real) ; and should it be impossible, it is a curious and interesting fact 

thai an algebraical value of jr, of the form «+i8v — 1 (called imagi- 
nary), where a. and /3 are real quantities, may then be found, which 
shall fulfil the condition which it was impossible to fulfil by real 
quantities ; this part of the subject we now proceed to consider, first 
observing that the quantity, real or imaginary, which when put for x 
would verify, or render identical, the equation ^ (x)r=:0 is called a root 
of that equation. We use the indefinite article, for there is nothing in 
the preceding investigations to show that there may not be several dif- 
ferent roots, and, farther on, we shall see that such there generally are. 

Proposition VI, 

Every equation of odd dimensions has a real root. 

Let0(a?)=a"+ar""*+6n""*+. ...+y<»+9=0be the given equa- 
tion where n is an odd number. 

Now we may assign to .r a value so great and positive that 
J?" > ax""'*+6x""*+. . . . &c. in quantity, by Proposition I. 

Hence the function a:*+flA*"'+6j?""*-h &c. is then positive. LetP 
be this value of j?, and +A the resulting value of (x). 

Again puta:=— y, and observing that the odd powers of negative 
quantities are negative, and the even powers positive, the function then 
becomes 

-(y"-ay«-i+6y"-«-&C.) 

Now by the same proposition a value so great may be assigned to y 
that in quantity y">ay""*—6y"""+&c., and therefore 

— (y" — ay^'^+fty"""*— &c.) is negative. 

But this great positive value of y is equivalent to a great negative 
value of Xy which therefore renders a?"+aa:""*+ &c. negative. Let 
- Q be this negative value of <r, and — B the resulting value of (t>(x). 

Hence by Prop. V., there exists a real quantity, intermediate to P and 
— Q, which shall render (j?) any quantity intermediate to A and~ B ; 
let this intermediate stage be zero, and the corresponding intermediate 
quantity between P and — Q by which it is produced is then a root of 
the given equation 0(j?)=:O. 

Cor, We may further easily perceive that this root has a sign con- 
trary to q the last term of the function. 

For if we put:r=0 the result is q: suppose this positive, then put 
0?=: — Q, and the result is — B, which is negative^ hew<i^ N.Vi& \w\si\\s\^- 
diate result zero is producible by a qaaii\itY\>ftVw«fe^O\^xw\— ^-k'^^^* 
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is by a negative root ; in the same manner, if 9 be negative, there must 
be a real root between O and +P, since tbe latter gives a positive 
result. 

Proposition VIL 

Every equation of even dimensions, of wbich the last term is nega- 
tive, has at least two real roots, one of which is positive, and the other 
negative. 

Let (j?)=a?"+flW!""*+6<r"~*+. . . . +pj? — ^=0 be the equation. 

Let X be taken so great and positive that o?^ >«!?""* + ^jf"* &c.; 
abstracting from the sign of the latter, let P be this value of x^ the 
resulting value of 0(<r) must be some positive quantity +A. 

Again put a?=:— y, then 

^ i^) =y* - ay'^^'+by'"^. . . -py - q 

Let y be taken so great and podtive that y^^ay*"^ —hy*"* &c., and 
sup))ose Q to be this value of y, and the resulting value of {x) is 
then obviously also a positive quantity as +B. 

I-iastly, let zero be put for a?, the result is the negative quantity — q. 

Therefore, first, between and +P there must exist a real root by 
Prop. V. ; and, secondly, another real root must lie between O and 
— Q ; the former is evidently positive, the latter negative. 

IL Equations in which the last term is very small, compared with 
the coefficients of the other terms, have always real roots, which are 
also very small, as will be seen by the following 

Proposition VIII. 

Let an equation, (a7)=0 be divided by the coefficient of j?, so as to 
be reduced to the form 

— jc + a? + oj!* + ^^ + CJ?* + &c.= 0=; (a?) 

Suppose that k is less than where M is the greatest coeffi- 

cient, then the equation has a real root less than ■, and of a sign 

contrary to the absolute term — ic. 

First, suppose — ic to be actually negative, then <r=0 renders 
(0;)=: — K a negative quantity. 

Again, a value oc for x would manifestly render (x) positive, if it 
could make — «-f a; — Ma?*— Mai^ — Ma?*, &c., ad inf. to be zero, sup- 
posing this value of » to be less than unity. 

« , 1. . M«« ^ 

Put therefore — ic -f « — r= 

1 — ot 

Hence (M + 1) »«—(! + (k+k^O 

V lV2(H-M)y 1 + M) 



ot s= 



2(1 + M) 

^ 2 (1+M) {l+'^-V{l+g*^+^4^(l+M)} 
This value of ah obviously real, since 4k (1+M) <!, and the 
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under the radical sign is greater than y k*-\-2 Ky and therefore >»c, there- 

1 
fore oc is less than ^-rr — ^, and since a put for x makes </> (j:) posi- 
tive, and zero makes it negative, there is a real root between and oc, 

and therefore less than ^ ^ , . •;>; ■> 

2(1 + M) 

In like manner if the absolute term were k instead of —Kt putting 
x^ — y, and changing all the signs in the resulting equation, we shouUi 

find y less than— yr — rjr^, and therefore x would be between zero and 



2(1 + M) 

Proposition IX, 

12. If such a value may be assigned to x as shall make a rational 
function (j?) to become a maximum or minimum, this value will be a 
root of the derived equation 0'(a7)=O. 

Let a be such a value, and suppose the function to be then a mini- 
mum, we must have 

therefore 0(«+A)— 0(«) and 0(a— A)— (a) must have the same 
sign when h is sufficiently small. 
Or by Proposition III. 

^'(«).A+0"(.).j^ + rM.j^^ +&c.| ^^^^^^^ ,.^^ 

Now by Proposition II., a value so small may be assigned to h that 
the first term in each series may become much greater than the sum of 
all the others, consequently these series cannot have like signs unless 
0'(«)=rO, that is ce must be a root of the derived equation 0'(x)=O. 

The sign of each series will then be the same as that of 0'X«), this 
must therefore be a positive quantity for the minimum ; and the same 
proof shows that it would be negative for a maximum, unless it were 
altogether to vanish, then the same reasoning would show that u was 
also a root of the Srd derived equation, and the same criterion might 
be applied to the 4th derived function (f)" (a) to determine whether 
((x) was a maximum or minimum, and so on. 

Example. Let (a?)=<r" + 5a? 

then 0' (a?)=2ar-|-5 

0"(<r)=2 

The sign of 0"(d?) is positive, and therefore 0(>r) is susceptible of only 
a minimum, and not of a maximum value ; this minimum occurs when 

5 25 

0^ (j7)=0 or x=i —, and its amount is "-7-' ' 

Example II. Let (j?) =j^— 27j? 
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If0'(j?)=O we obtain a?= + 3, or —3, the former making ^(j?) a 
minimum, the latter a maximum. 

Put, for instance, — 2, — 3, — 4 successively for a?, and register the 
corresponding values of (d?) ; they are +46, +54, +44. 

Thus we perceive ^= — 3 makes 0(j7) a maximum relative to the 
values preceding and succeeding it, but not an absolute maximum, 
since x may be made so great and positive, that j^ may be incomparably 
>27j?; for a similar reason d:=3 would not produce an absolute 
minimum. 

In short, no rational function of odd dimensions is susceptible of an 
absolute maximum or minimum, as appears by the demonstration of 
Proposition VI. 

13. But every function of even dimensions is susceptible of an abso- 
lute minimum, as appears by the following 

^ Proposition X. 

Let j:" +«**-* + 60;^"*+ &c. ==0(i?) be a rational function of even 
dimensions ; and M the greatest coefficient abstracting from its sign. 

No real value can be assigned to x which shall render (j?) less 
than the least of the two quantities — Mn and — M{(7i — 1)M}""\ 
that negative quantity which is most remote from zero being considered 
least. 

For n being even, whether to x we assign a positive or negative 
value, we have 0(x)>a:"—M {a:""*+jf *+. . . .a^+j?+l}. Now if 
we assign to x first a value less than unity, then evidently 

I+a;+j'*+....x*"»<n 

therefore 0(a?)>a:* — M/i 

and a?* being positive, it follows that (a?)>— M71, when for x we put 
any quantity between +1 and —1, inclusive. 

Again, if a:>l, then wa;"-*>a:»-'+jf-*+a:"-Ha:*+a:+I ; 

therefore (x) > a;"— n M a;""'. 

Now the minimum value of x* — n M x""' is found by putting its 
derived function 7?x*""{ a?— (n — 1)M}=0, which can only be satisfied 
by xizO or ar=:(n — 1)M, the latter giving the minimum, viz., 
^^-i(j?_nM)=— Mjj"-*=— M {(«— 1)M}»-' ; that this is the mini- 
mum we are assured by consulting the sign of the second derived 
function. 

Hence (x)> — M{(n — 1)M}*~' for all values of x from 1 to 00 
and from — I to — 00. 

Thus it is easy to observe the nature of the continuity of the values 
acquired by functions of even dimensions. When x is very great and 
positive, (j:) is great and positive ; as x diminishes, (<r) also 
diminisshes towards a minimum, to which it afterwards arrives. If this 
be not an absolute minimum, and we continue to diminish, a*, (jx) 
then increases towards a relative maximum, after which it must again 
diminish, and so on, until it arrives at an absolute minimum, after 
which, if we continue to diminish x, so as to make it approach — qd, 
(x) increases towards + go beyond any assignable limit. 

Let us suppose 7 to be the absolute minimum of (x), and 7' be 
any quantity less than 7> the equation (^(x)szr^ is not verifiable by 
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any real value of x from — od to + oo, in other words, the equation 
(x) — yssO has no real root. 

Example. Let 4^{x)^af+ax 

Then ^' (j?)=2<r+a 0''(a?)=:29 we have therefore an absolute 

d /J* 

(because the only) minimum, when ofss — r- ; therefore 7 = 7-: 

« 4 

0% 
hence if a^+ax=:y't where 7' is less than r-, the equation will have 

no real root ; the term lefs^ when the sign is retained, indicates that 

quantity which, subtracted from the other, would give a positive re- 
mainder. 

Proposition XI. 

Let (x) be a rational function of x^ and </i^(x) its derived function, 
and y a quantity introduced. 

Divide (jr) — 7 by 0'C'^) in the manner of finding the greatest com- 
mon measure ; the remainder, which will be of lower dimensions than 
0'(j7), being the next divisor, and 0'(^) divided. 

Continue this process until x disappears in the final remainder, which 
is a function of 7, as F (7}. 

Then the real roots of the equation F(7)=0 will be the general 
maxima and minima values of 0(x), and when there is an absolute 
minimum it is the least root of this equation, the term less having 
reference to the sign. 

For the value of 7 rendering the remainder equal to zero, it follows 
that (j?)— 7, and 0'(^) ^>^ve a common measure, such as x — ce, which, 
if the corresponding quotients were P and Q, would give 

0(ir)— 7=(d?— «) P 
4>\x) =(j;-«)Q, 
and putting 01 for x in the identities, 
we have («)— 73=0 

0'(«) =0 
the latter equation showing that (a) is a minimum or maximum, and 
the former that 7 is the value of this minimum or maximum. Conse- 
quently the absolute minimum, if such existed, would be the least value 

of 7. 

The process described in this Proposition is to be followed exactly 
similarly to tliat of finding the greatest common measure of algebraical 
quantities, namely, by introducing factors into the dividends to avoid 
fractional forms. 

Example L Let 0(ar)=a:» +ajj 

0Xx)=2a?+a 

Actual division 207+ a y2jfi-\-2ax — 27(0? 

2j!*+ ax 

oj? — 27 
Multiplied by 2. 2ax — 4:y(a 

2ax'\'a* 

—a* — 47 
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The final remainder is therefore (with sign changed), 4 y + a*, and 



a« 



if we put this = 0, we find the absolute minimum y = — -;-. 

4 

Example 2. (x) sm^ + ajs 

3«« + a)3j?» + 3aji3y(a? 
3a^ + oj? 

2aa? - 3y)6aaj* + 2a^(3j? 
6ar' — 9yj7 

9yar -f 2a« 
ISayx + 4a«(9y 
18aya?— 27/ 



27/ + 4a* 
Thus the relative max. and min. are the roots of the equation 




3.=0. 

In like manner we can find how many are maxima and how many 
minima, for ^''tT being positive for a maximum, and negative for a mini- 
mum, we have only to proceed in the same manner for finding the greatest 
common measure of <p'(a') and 0"(d?) — /3, until we arrive at a remain- 
der independent of x^ which therefore is a function of /3, which, if we 
equate with zero, the number of positive values of /9 is the same as the 
number of minima, and that of the negative is the number of maxima 
values of the given function (.r). 

Example. <{> (j?) = jj'— 3a*J7 + h 

0'(J7) = 8(a?» - a«)'5 <}>"(a?) = 6x 

Hence, rejecting the multipliers 3 and 6, we proceed as in finding 
the greatest common measure of j:* ^ a' and x— fi\ 

a:* — /3« 
fix- a* 



^ - a\ 
Now the equation /3* — a* =: has two real roots, one positive, the 
other negative ; hence, (^(x) admits one minimum and one maximum, 
and no more. 

Proposition XIL 

16. If by assigning a series of real values to x, any function of <r as 
4>ix) attains a minimum value when <r =:a, it can be rendered ye^less 

by making J? = « + A + kw^l when h and k are very small ; the sign 
of h being + or — , according as the first derived function of <|>(r), 
which does not vanish when a? = « has the same sign with the suc- 
ceeding derived function, or a contrary sign. 

For if we separate the imaginary from the real part of 0(a? + A + A V^^ 
the expansion of this fiinciion is 
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0(j? + A)-0"(^ +A) . j^ + 0'^ (X + A) . j-^^ - &c. 

+ ^V3T|<{>'(^+ A) - <(>'"(J7+A) . il + <{>v rj? + A) . ^^[^^ - &c j 

Now suppose xss ct^ then 0'(a?), or 0'(«) = 0, which is the con- 
dition necessary that (x) should be either a maximum or a minimum. 

And it is peculiar to a minimum that 0''(j;) or 0" (o() may be posi- 
tive unless it also vanishes, which we need not at present suppose to 
be the case (for the subsequent reasoning would then similarly apply 
to the next derived functions, since it would be then necessary that 
0'" («) = and 0*^ («) be positive ; and if 0" («) also vanished, we 
should extend the same reasoning relative to the next two derived 
functions, and so on). 

Now 0(a? -pA) = 0(j?) -f <|)' (j?). A + <|)"(x) . -^ + &C. 

and 0'(:r + A) = 0'(a?) + <|>"('^). A + 0'"(^) • "r^ + &c. 

Making j; = « in these expansions we find 

^(« + A) = <}> (») + 0"(«) , JL + &c. 

<}.'(« + h) =0"(«) . A + ^"'(«) . j^ + &c 
Therefore, 

^(«+A+aV^=^(«)+0"(«),^ + &c. 

- W^l L" («) . A + ^" («) . -p^ + &c. 

Now in order that this function may be real, it is necessary that the 
quantity between the brackets may be zero. 
Next suppose that h is taken very small, then 

<i"' (a + A^ 
mity be made as small as we please, and putting it = i: . ^ — -— — we 

have -, + A._^(fL+*) . *l + &c. = 0. 

(a+A) 4.6 

Hence, by Prop. VIII., A" will have a real positive root to satisfy 
this equation, provided k be esseotially positive ; that is, provided 



1 
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A' 
^" (a) . A + ^'" («)5-5 Ac. has the same sign as 0"' («+ A) , or finally, 

that h has the same sign as -^^—^^j- ^^ ; and since A i. 
supposed very small, the sign of this fraction is the same as that of 

^„yi , therefore h must be positive or negative, according as 0"(«) 
^ (a) 

and 0''X«) have their signs like or unlike ; and this we have supposed 

to be the case in the Proposition. 

But k^ having a real positive value, it follows that k has also a real 

positive and another negative value ; therefore <p(a + h 4-ifc^— 1) will 
be a real quantity. 

Now ic = A:* — ;;.^ . ,^ . -r-7 «^c. = Ak^ suppose. 

^""^ 273"" 0'"(« + *) "" 6 •••• 

whence we see that h is of the same order as A:*, the limit to which the 

fraction —approaches as h diminishes, being— or -,^,-r-r, (putting 

/t = for the extreme case.) 

Substitute for h its value — .Af* in the expansion of ^(a+A+ Arv - 1) , 

13 

and observing that the imaginary part has been made to vanish, it 
becomes 

0(«)-0''(«+/^). ~^ + 0*^(«+A).Y;~^.-&c.+ . ^* + 

&c. 

Now V>" (« + A) = 0"(«) + 0'"(«) . ^ . A:* + &c. 

Hence (« + A +hJ'^i) = («)-0"(»).:^ + D.A:*+ E.A:«+ &c. 

pmtinff. for abridgment, D = - .^.f («) + J^^+i^- *" («>• 

Es _ 

Now ^"(a) being essentially positive, it follows that ^(a + A+A:v -l) 
< ^ (a) ; and from what has been observed above, it is clear that we 
should find the same result if ^'" (a) = and ^'' (a) were positive, 
which circumstance is then essential to a minimum. 

Corollary. By a similar process it may be shown, that when a series 
of values are put for x in the function 0(j;) until it reaches a maximum, 
it may bejnade to increase above this maximum by giving the corre- 
sponding value of a? an imaginary increment siihilarly determined. 
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Example. Required to diminish the funclion 

0^-2^'*+ J?- 2 
below its minimum value. 

Here ^ (x) = .t^— 2i?^+jc-2 

^"(t) = 6i' — 4. 

Put 0' (r) = orj:«-H-J^=-o 

*> 3 

whence a* = 1 or jt = - 

3 

in the former case ^" (r) = 2, and in the latter ^" (r) = — 2 ; tliere- 
fore the former only gives the minimum value of V>(0» whicli is 1—2 
+ 1-2;= -2. _ 

To diminish the function below this we put j: = 1 + A + jt^— ], 
Hence ^ (a) = - 2+ (/i+A:V^> + (A +ky/~iy 
=r -2+AHA'-^*-3/z^* 

+ aV^ {2h + 3/a«- A:*) 
To make the imaginary part vanish we must have 

A:« == 2A + 3/*« , 
which will be small and positive if A be small and positive. 
Then (j) becomes — 2+/i-4-A' - (2/t + 3A«) (1 + 3//) 

and since h is positive (the same sign as ] , it follows that this 

imaginary increment A +/fV.— l given to that value (1) of j? which 
corresi)onds to the minimum, succeeds in reducing the function below 
that minimum. 

16. In the preceding proposition, as well as Proposition X., we have 
supposed that cases may occur in which not only the first derived func- 
tion vanishes for a particular value of j:, but also some of the succeeding 
ones for the same value : the following proposition will show under what 
circumstance any function of J and m — 1 of its successive derived func- 
tions will all vanish for the same assigned value of .r. 

Proposition XIII. 

When a is put for a? in a function /(t), and in its m— 1 successive 
derived functions, should they all vanish it is necessary that (x — «)"* 
may be a factor of /(j^). 

For if we put cr+C^— a) for j, 

a'+2a(j7— a) + (.r — a)' for j?', 

• ec^+3(x\x - a) 4- Sa\x - cr) + a= for r», &c. 
it is clear that/(j:) will be reduced to the form 

Ao+AiCr-a) + A,(a:-a)«+....A^_,(x-a)— >+A«(jr-ar+&c.=y(.r) 
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Hence A, + 2At(j:—«)-f3A8(^+ »)*+.... 

....(?n- l)A„_i(a;-a)7-*+wA„(a: -«)"-» &c.=:/'(j). 

Now vvhen x is put equal to a, we suppose /(x) and f(po) both to 
vanish, which manifestly requires that Ao=0 and Ai=0. 

Therefore f{Jo)=\^ (j?— «)« + AsC^^— «)'+&c, 

that is,/(j?) in this case has a factor of the form (j? a)*. 
If the next derived function, viz. 

2A2+6A8(a?--«) + 12A^(a7— «)^ + &c. 
also vanish when a?=a, we must have A2=0. 

Therefore, /(x)=A8( J? — cry+AXa? — «)*+ &c. must have (j:— «)* 
as a factor ; and by continuini^ this process, it follows in general that 
when a function with its m— 1 successive derived functions vanish for 
ar=», then (jp— »)"* must necessarily be a factor of/(j?). 

Note, It is usual to say in this case that the equation /(j:)=:0 has w 
equal roots, by which it is meant, that/(j?) has m equal factors of the 
first degree, namely (j? — a) (jx—a) (a: — «)• . . . .m times. 

Example. Let /(a:)=j?^— 5j:*+8x — 4, which vanishes when 0:= 2, 
nence /X^) =3j?* — 10.r-|-8. . . also vanishes for a?=2, 

f"{x) =6jr — 10 which does not then vanish. 

In this, therefore, /(^) has a factor (jt — 2)* or a?* — 4j?+4, which can 
be verified by actual division a?'— 4a;+4)j^— 5jc*+8a: — 4(j? — 1 

- a^+4jc^ 
-^ a?*+4jF— 4 





17. By Proposition XII. we have seen that where the series of 
values belonging to a function of j; of any dimensions ceases to diminish 
when real quantities are substituted for <r, a continuation of that series 
in the same direction, that is, diminishing towards negative infinity, is 
produced by the substitution of imaginary values ; and the next theo- 
rem shows that this series thus prolonged may be continued on unin- 
terruptedly, without ever turning hack. 

Proposition XIV. 

An uninterruptedly decreasing series of values may be produced for 
any rational function of a? of even dimensions, by the substitution of 

imaginary quantities y -^zw — l in the place of a?. 

Suppose <f> (a?) to be the proposed function, the following notation is 
adopted for abridgment : 

Let T=i>(3,) _^"(3,).^ + ^'«'(y),^-^L-^_&c. 
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the accented quantities in the expansions denoting;, us in Proposition III., 
the derived functions. 

Put y+sv— 1 for jc, then <36(j:) becomes 

and that this vaUie may be real we must have Q=0, and as Q is oF 
odd dimensions in y, we can find a real value of y for any value z; 
thus y becomes a function of z, and therefore also P is a function of z. 

In giving particular values to z, and obtaining the corresponding;; 
values of y, which satisfy the equation Q = 0, it is possible they may 
also make Q'=0, and then Q would be a minimum for this particular 
value of z ; in that case, by the preceding proposition Q must be of 
the form (y^oty '^(y)y and "^(y) being of odd dimensions we can get 
a different value /3 for ?/, which, making V^(y) zero, will also make Q 
vanish without making Q' disappear ; the case of Q being a minimum 
at zero and therefore Q' vanishing, we may thus dismiss altogether. 

In the equation Q=0 suppose z to become z-\-h, and y to become 
y+A:, Q becomes (as will be readily found by actual substitution) 

Q+(P'A+Q'A:)+ &c., which must still equal zero ; 

and taking h and k very small, we have 

the first term of which is finite, since Q' does not vanish. 

In like manner we find that the real part P which expresses the 
value of 0(a?) becomes 

P+(P'A:-Q'A)+ &c. =P ^i^^A4-AlA*+B,/^^ &c 

and when h is small and of the same sign as Q', the decrement of P 
IS — r^ — .^, the numerator being the sum of two squares, cannot 

vanish unless both P'=0 Q'=0 ; but the latter case we have seen how 
to avoid. 

Thus the real functions of imaginary quantities do not admit of 
maxima or minima. 

It is possible that Q' may vanish without Q being a minimum ; 
namely, if Q'' also =0 in this case, the diminution of P would go on 
without taking for y a different root from a, which we have done when 
Q was a minimum, tor k would then be of the form k=ph^-\-qh*t &c., 
and the new value for (/y(x) would be of the form V—pJi^ + qi^i*, &c. ; 
but whenever Q for a certain value of z is a maximum or minimum, the 
diminution of P can only be effected by passing from « to a different 
real root, which, as we have seen, will always exist in such a case. 

If we arrange Q and Q' according to the powers of y, and proceed 
as in finding their greatest common measure, we ultimately must ccme 
to a remainder containing only z as F(;^), then all the values of z for 
which Q becomes a maximum or minimum are real roots of the equa- 
tion F(2) = 0: for the two equations Q = Q'=:0 subsisting simul- 
taneously, the equation F(z)r=0 must also subsist, since it is merely 
the result of eliminating y between the former two. 



i 
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Hence the following mode of forming an uninterrnptedly decreasing 
series of values for ^(^) below the absolute minimum to which it 
arrives when real quantities arc substituted for x. 

Put for J? y + 2V-l, and taking 5; very small, we can by Propo- 
sition XII. diminish 0(j?) below its absolute minimum, and as little 
below it as we please, so that the new chain of real values arising is a 
continuation below those resulting from the substitution of real quan- 
tities for X, Continue, according to the present Proposition, to dimi- 
nish ^(J?) by changing z through insensible degrees, the changes of 
J/ which correspond to small changes of z so as to preserve Q=0, 
will also be very small, until z arrives at a value which renders Q a 
minimum, and which is therefore a root of the equation F(z)=:0; in 
this case, for a very small change of ^r, y has a finite or sensible change, 
and the real value of ^(x) or P has only a very small change, which 
we may take in the direction of its continued diminution, after which 
the corresponding changes of y and z will be again of the same order 
of magnitude, until z arrives at another value making Q a minimum, 
and therefore F(a:)=0, when the process is continued as before. 

Q 
Tt is moreover to be observed, that — =0, from which the values 

z 

of y are derived, would not contain an absolute term unless <^(a*) con- 
tained some odd power of j; ; but this may always be etfected by the 
system of substitutions given in Proposition XII. 

Example. 0(a^) = x* — 4j7+6, 

when this function is at its minimum, 

thus <^(j?) = +3 is the absolute minimum by the substitution of real 
quantities for x. 

Put a'=:y+2V^, and <3(>(a)=P+QV^ 
then P=y*-6yV + ;5*~4y-|-6 Q.-tr^ {43/'-43/-s«-4} = 0. 

Hence, Q'=42{3y«— 2*}. 

Now by taking 2 very small, we can get a real value for y, as in 
Proposition XII., by which P will be made less" than the minimum 
value of 0(<r). 

Continue to increase 2 from zero upwards ; Q', being supposed not to 
vanish, will have the same sign, and therefore P will continue to dimi- 
nish: thus, let z=l, then the two values of y are very nearly equal, 
and to find when they become exactly equal, we proceed as for the 
greatest common measure : 

3y«-2«)3y»-3y2«-3(y 

2yz*+3)6y'z^-2z\Sy 
6'.yV+9y 
9y+2z* 
]8y^*+ 42^(9 
lSyz*+27 

_^ 42«-27=rF(2) = 

V3 

or ^= r-rr~=l-3 &C. =a, 
V2 
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then Q will be divisible by (y — oif and ihe quotient equated to zero 
will give a different value for y, with which the diminution of P is to 
be continued. 

After passing this value of z, tlie case of Q' as minimum will not 
again occur, and therefore P will continue to diminish rapidly ; thus, 

let jr=10, then Q=40{y®— lOOy— 4} ory=10 very nearly; 

therefore, P= -4(10)* -40 + 6= -4036 nearly; 

and by continuing to increase Zy the value of P continues to diminish 
towards negative infinity. 

The reader may revert to this subject of tracing the real functions 
of imaginary quantities when in possession of methods for the nume- 
rical solution of equations. 

18. Having thus discussed the mode of tracing functions by substi- 
tuting for x quantities real and imaginary, we distiuctly see that ^(iv) 
is susceptible of any real value y ; and since for uniformity we take this 
quantity to be zero, it follows in other words, that when ^(r) is a 
rational and integer function of j", the equation ^(x)=:0 has always a 

root either real or of the form «+/3v — 1 called imaginary; also if 

(« + /-j/^f) =r P + Q^^-T = 0, then it is easy to see that 

^(«— /3v — i) = P— Qv — 1, and we have seen that Q is always zero, 

therefore the first equation gives P=:0, which renders 0(« — /3v - 1)=0, 

and ihercfore imaginary roots are always couples of the form «ib/3v-l. 

Proposition XV. 

An algebraical equation of n dimensions has n roots, and no more ; 
it may always be decomposed into the product of 7i simple factors, and 
into the product of some simple and some quadratic factors which shall 
be aways real ; some of its roots may be equal, and thus it may not 
have n different roots. 

Let <^(j:)=0 be the equation, and let j;=«i be a root : divide ^(x) 
by J— (Xi , continuing the division until the remainder Ki is free from jt, 
and therefore only a function of « : let </ji(j") be the quotient, and sup- 
pose x-=o(^ a root of ihe equation </>i(jr)=:0: divide 0,(tF) by x— ck, 
until we arrive at a remainder Rg free from ?/, let 02(.t) be the quotient, 
which is of n — 2 dimensiuns, and continue the process until we come 
to a function of the first degree, which may be represented by 0,-i(x) 
or x — a^. Hence 

^j(or) = (j:— org) <l)^(x) + Rj 



Put j;=ai in the first identity, a:=«2 in the second, &c. ; and since 
these quantities are the roots of 0(j?)=O, 0i(j:) = O, &c., they make 
these functions vanish, therefore Ri=0, Rj=0, RjSzO. . • .Rn^iO ; 
multiply together the left and right members of these equations thus 
reduced, and divide the product by ^i(a) •<t>tCfO .<ta^^^ * * • ^^n-x^^'*^'^^ 
we get 



I 

I 
J 
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0W = (^— Ofi) i^ — ^i) (^ — Ofa) (j: — or„)» 

which quantity vanishes when jr=«i , «« . . .«« ; and as no other qnan- 
t'ty will make any simple factor vanish, and therefore would not itiake 
the product 0(j?) vanish, it follows that the equation 0(jr)=O has no 
more than these ?i roots, some of which however may be equal, so that 
^(j:)r=0 may have less than n different roots ; but it can never have 
less than n simple factors. 

Thus, (j?— ^y=:0 is only true when ar=«, it has no other root;, 
it has not therefore 3 different roots, but it is the product of three simple 
factors (j? — a)(a? — fl)(j;— a). ( Vide Prop. XIII.) 

Again, if otp should be imaginary, suppose it of the form /3i4-yi v - 1, 
then there must be another root o(m ^^ ^ve have seen, of the form 

/5i — yiV — l, hence 

= (a;-/30HyxS 

which quadratic quantity being tlie sum of two squares, is essentially 
positive : by thus coupling the factors containing corresponding ima- 
ginary roots, it is obvious that ^(a?) will be reduced to the sum 

{i^-M'-^Vi} 

and therefore f/)(a:) is always the product of real factors, simple or quad- 
ratic ; and the species of imaginary quantity which may enter the 
sohition of a quadratic is the only one which can enter the solution of 
an equation of any higher order. 

19. The roots of an equation (.r)=0 being either real or imagi- 
nary, our next step is to consider some method for discovering the 
number of real roots and the number of imaginary; for this purpose we 
give 

Proposition XVI. 
St2irm\'i Theorem, 

Let {x) be a rational and integer function of j*, of which 0' {x) is 
(he derived ; divide (.r) by 0'(a:), in the manner of finding the greatest 
common measure, only with the peculiarity of always changing the sign 
of the remainder before making it a divisor, and continue this division 
until it terminates, either by giving a final remainder independent of a', 
or by a divisor which exactly measures the preceding. 

These successive divisors after 0'(-^) may be represented by 0i (t), 
0g(a:), 08 (a?). Let A, B be any two numbers, of which A is the least 
(regard being had to its sign). 

Substitute A for .r in the series of functions following 

(cr), 0'(a7), 01 (j), 02 (.r), 

and register in the same order the signs of tlie results. 

Count the number of sequences of two terms having contrary signs 

in this series of results ; suppose a that number, substitute B now for 
in the same series of functions, counting as before the number of 
iriations of ^igns in consequent terms^ suppose it =6, 
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There must exist a — h real roots of the equation (j:)r=0, which 
are greater than A and less than B, and there can exist no other real 
roots between these limits. 

The process employed furnishes us with the following system of 
equations : 

0i(a?) = Q3 0«(^)— 03('r) 
02W=Q4 03 (X)— 04(^0 

&c. 

First, we shall suppose 0(j)=:O not to have equal roots, or, which 
is the same, that the function {x) has no equal simple factors. 

Let a be a real root of the above equation, and suppose a — A, «+A, 
put for X in the series of functions 

0(r) 0' (^) 01 (r) Q,(x)&c. 

They become for « — A 

(«)-0' W.A+0" («)-l^&^- 
0'(«)~0"(«)./i+0'''(«).j^&c. 

0i(«)-0i («)./»+0",(«).-i^&c. 

&C., &C., 

in each of which we may suppose h so small that the sign of the whole 
will depend on lliat of its first term. 

Their signs arranged in order are therefore the same as those of 

— 0'(«), +0X«)» 01 («), 02(«) &c. Since («)=:0 

in like manner if k+A be put for <r, the signs of the results are the 
same as those of 

0' («)> 0' («)> 01 («)j 02 («) &c. 

Therefore, by varying x from a quantity a little below a real root to 
another above it, one variation of sign (to the left) is lost, that is 
exchanged for a permanence. 

We have here supposed that none of the quantities 0i («), 0a (a), &c. 
vanishes, but if one of them did, this would not alter the number of 
variations of signs. 

Suppose 0«(5e^ to vanish, then since 

0n-l (») = Q«+1 0« («)— 0„-|-i («) 

we have 0„_i(a):= — 0(n+i) («)j neither of which vanish, for if two such 
consecutive functions vanished, then tracing backwards by the equation 
0n-«(«)=Q«0«-i(«)=0"(«)» we should have successively 0n-2(«)=O, 
0it-3(«)=O)i &c., up to 0'(«)rzO, which is contrary to the hypothesis 
we have made. Hence 0„_i («), 0„+i(a) form, a variation. 

Put now ot—h for u : when h is small, 0„_i (a), 0„^i (cf) will have the 
same signs as before, which were contrary, and, therefore, whatever sign 
0it («) niay have, the three functions 0,_i («— A), 0„ («— A), 0„+i (a— A) 
must either form first, a permanence, and then a variation, or first, a 
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variation, and ihen a permanence, in either case but one variation : thus 
no variation is lost by the vanishing of <}>„ (a). 

If therefore x be increased by insensible degrees from j:=A to j:=:B, 
every time its value becomes that of a real root of the equation (x)=0, 
the series of signs of (j:) 0' (x) 0i (jf) ^^(j). . . . loses a variation 
and only then ; hence there are as many roots between A and B as 
there are more variations for A than for B. 

Suppose now there exist m equal roots for the equation 0(j?)r=O, 
then 0(jj has m equal simple factors, or </j(x)=(a; — a)"*. F(:r), the 
lalter function as well as the former being rational and integer, put 
4'+ A for X 

hence Xj?+^)=(J?-«+^'r- FCr+Zi) 
or 

0(r) + 0'(j7).^, &c. 
:=:{{x—aY-\-m {x^-aT'' h, &c.}. {F (j) + FXi^).^ + &c.} 

and equating the coefficients of h at both sides we have 

0' (t)= (x - a)"*-' { (x - a). F' ix) + mF (x) } 

that is, if an equation have m equal roots its derived will have 771 — 1 
of them, as we have seen before in Prop. XII. Now, since iu'this 
case 4^'{x^ and (j) have a common measure (a; — a)"*"*, if we divide 
(f) (a) by it, we reduce it to the case of unequal roots, and the same 
reasoning equally applies if other sets of roots are equal. 

The same method as before applies in the case of equal roots, a, for 
in the expansions of (p(a—h)^ 0'(^ — /')> ^^^^ ^^'^^ terms which do not 
vanish have necessarily contrary signs, as is obvious by inspection of 
their developments, and they have similar signs when a+fi is put for 
J', the series of quantities (x), ^'(x), </>! (t), </?2 (j),. . . .0„_m (t), are 
71 — 771 + 2 in number, and the number of rf/^trc«^ roots is 7i— 771 + 1, 
which is the greatest number of variations of signs in this series ; there- 
fore the number of different roots between A and B, is the excess of 
the number of variations of signs when the less quantity A is substi- 
tuted for X above that arising when B is substituted. 

It is easily seen that the same reasoning would apply if there ex- 
isted different sets of equal roots. 

Corollary. From hence follows an easy method of finding the 
whole number of real and of imaginary roots in an equation, when the 
number of the quantities (jt), 0'(j:), 0iCr), &c. is Ti+l, which it 
will generally be, n being the dimensions of 0(0?). 

When +(x), or an exceedingly great positive number, is put for x 
in this series of quantities, the signs of the results will necessarily be 
the same as those of the first terms by Prop. I. Let m be the number 
of variations of signs in consecutive terms of this series. 

When — (x) is put for x, the signs of those functions which are of 
even dimensions will be the same as before, but those of odd dimen- 
sions will be the contrary. 

There will, in the latter substitution, be therefore as many variations 
of consequent terms as there were permaMences in the former, namely, 

71—771. 

And since all the real roots are comprised between these limitis, their 

imber by this Proposition must be (7* — 7w) - »w, or n-^^m. 

Henc?, the number of impossible roots is 2m ; there exist therefore 
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ns iDany pairs of impossible roots as there are variations in the signs of 
the first terms of the functions ^Cj:*), ^'(j:), (l>i(x)^ 0sO*)i ^^*« 

Example. Let <l}(x)=Jo^'--6x^ + Sx+iO 

^'(t) = 3j:«-12j?+8 

Multiply (f) (x) by 3 to avoid fractions, and in like manner the sub- 
sequent dividends or divisors may be multiplied by any positive number. 

3j?«-12j?+8) 3^-18 a« + 24j:+120 (x— 2 

3r^-12 3^+ Sx * 

- 6.T»+16^+120 

- 6^2+2437- 16 

- 8a7-hl36 

divide by —8, which will change the sign, and we have 

(f)i{x)=:x^l7 
.r— 17) 3i;*-12j?+8 (3j:+39 
3j^— 51^ 

39j?+8 
39 j;- 663 

67l 
^,(.i) = -671 

The series of signs of the first terms of 0Cr), ^'(j:), ^iW, <li%(x)^ 
is in this case + + + — ; there being one variation, the equation 
must have one pair of impossible roots, and therefore only one real root. 

Example 2. «f) (jt) = o;® — ^px + 2g 

<^'(j')=3a;*-3j» 
a^^p) j;'— 3px+2(/ (j? 
x^—px 



— 2px + 2(/ 
px—q) x^-p ( — 4 



7 



/> />' 



iT — 



P 



7 
— ,x—p 

P 
' ^.x^f 

^^ y 

-T - P 
P 

^j (a;) = ^/ — ^ for j9* is necessarily positive. 
The series of signs of the first terms are the same as those of 

1, 1. P^ l>'-9'. 

If p be negative there is one variation, and therefore only one real 

root ; ifp be positive and p^ < q^ the same thing happens ; if |/ > q* 

there are no impossible roots. 

20. Another theorem for finding the number of real roots of a given 

equation, which lie between two assigned numbers, was giveu b^ 
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Fourier ; its app1ica(ion is very easy, but it has the great fault of only 
indicating' a number which the soug^ht number of real roots does not 
exceed. The discovery of Sturm renders almost useless the tedious 
process by which Fourier sought to perfect his original proposition, 
which is as follows ; — 

Proposition XVII. 
Fourier^s Theorem, 

Let two quantities, a, 6, of which a is the least, be substituted for x 
in the functions 0(^), 0'(j), 0"(O* 0"' W? &c., each of which is the 
derived of the preceding, and let the signs of the results be noted ; there 
cannot be more real roots of the equation (j:)=0 lying between a and 
h than the excess of the number of alternations of signs which result 
. from the substitution of a, over the number resulting from the substi- 
tution of 6. 

Suppose a to be a root of the given equation, and h a very small 
quantity, and let a—h be put for x in the above series of functions, the 
results are 

-0'(a).^ + &c., 41 (a) + &c., <//' (a) + &C., 0'"(a) + &c. 

Now let —-A be changed to 4-A, which is the same as putting a+A 
for J", the result will be 

+ ^'(a) .A + &C., ^' (a) + &c., 0" (a)+ &C., 0'"(a) + t&c. 

The two first terms in the former series give an alternation, and in 
the latter a permanence of signs ; and supposing none of the derived 
functions to vanish when j:=:a, we see that an alternation of signs is 
lost by passing from a quantity a little below a root to one a little above. 

But this series may also be aftccted by the vanishing of any of the 
derived functions (being continuous, they cannot change signs without 
passing through zero). Suppose /3 makes 0'"^"*^ (x) vanish when sub- 
stituted for J?, and taking h very small, this part of the series of functions, 
when /J— A and /3 + A are respectively put for jf, will be 

^n («-i) (^) - &c , - 4>"' ^'"■*''^ (/3) . A + &c., ^'" ^^^'^ 03) - &c. 
^/M«+i)(^3) + &c., +0'"(«+») (/3).A+&c., <j«.'"<"*+^)(/3)+&c. 

Now if 0" ^'"-') (/3), 0"^'"+*^(/3) have contrary signs, the first series 
will give an alternation followed by a permanence, the second a perma- 
nence followed by an alternation, the total number of alternations then 
is unaltered. 

But if ^''^'^-^^C/^), 0'" ("»+^) (/3) have like signs, the first series gives 
two alternations, the second two permanences ; in this case two alter- 
nations have disappeared. 

And if several consecutive derived functions vanish for any value of 
iT, then it may be shown in the same manner that an even number of 
alternations disappear. 

By increasing therefore insensibly the value of x from a to 6, an 
alternation is lost as often as we meet with a root of the given equation 
in that interval, beside which an even number of alternations may dis- 
appear when we meet with a root of any of the derived equations. 
Jfie following example is taken from Fourier: 
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Given 0(j:)=:j:*-3j;*-24j;'+95jf«-.46j?-1O1=O. 
0' (x)=:5j:*-12a"«-72jF«+190i'-4C. 
0" (jr) = 20a!«-S6i:«- 144a?+ 190. 
0'"('j')=6Oj'-72j-144. 
0'^(r)=12Or-72. 
0;'(j?) = 12O. 

a:= — 10 Number of alternations of sijrns = 5 
j?= — 1 • . t • • =4 

jr= 10 . . r . . =0 

Hence all the roots are between —10 and +10 ; there is one real root 
between —10 and —1, another between —1 and ; no root exists 
between and 1, and one at least must exist between 1 and 10 ; these 
substitutions leave us in uncerlainty with respect to the other two roots, * 
whether they also lie between 1 and 10, or are imaginary; Sturm's 
theorem is free from this capital defect. 

21. The rule given by the early analysts, Descartes^ Harriot, &c., 
relative to the number of positive and nefralive roots, and which is 
proved in the Theory of Algebraical Expressions*^ p. 14, namely, that 
the number of positive roots cannot exceed the number of alternations, 
nor can the number of negative roots exceed the number of permanences 
of the signs of the consecutive terms of the equation it contained in the 
preceding theorem of Fourier. 

For when is put for x, the signs of (j?), 0' (jf), 0" (j?), &c. are 
evidently the same as those of the terms of the equation from right to 
left. 

And when x is supposed exceedingly great and j)ositive, the signs of 
the same functions are then all positive. 

Therefore there cannot be more positive roots than there are alterna- 
tions of signs, (Prop. XVI.) 

Similarly, when x is supposed very great and negative, the scries of 
signs of 0(j:), 0' (j), 0"(»'^), &c., form only alternations, and their 
number is evidently the sum of the number of alternations iind perma- 
nences in the terms of 0(jr), and therefore exceeds the number of 
alternations for j:=0 by the number of permanences in the terms of the 
equation ; hence the number of negative roots cannot exceed this. 

The same theorem comprehends another rule, given by Newton, for 
finding a superior limit to the roots of an equation, that is, a number 
«;rcater than the greatest real root ; it is this : put x=y+e, and assign to 
r, by trial, a value so great as to render positive all the terms of the 
transformed equation arranged according to the powers of y ; that 
value is the superior limit. 

For by Prop. (3), the transformed equation deduced from 0(1") = 
will be 

0(O + 0'(O.y+^^2/H^^^ 

and since (c), 0'(e), 0"(e), &c. are all positive for the assigned value 
off, no root of the equation (e)=0, or 0(j)z=O, can lie between this 
value and positive intinity. 

* Library of Useful Knowledge. 



\ 
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22. There are some remarkuble relations existing between the roots of 
an equation and those of the derived eqnation, which, though not always 
useful for finding numbers between which the roots of the primitive 
equation lie, have considerable use in the theory of equations. 

Proposition XVIII. 

If the real roots of an equation (a:) = be substituted in the order 
of magnitude, beginning with the greatest, in the derived function 
0' (j:), they will produce alternately positive and negative results ; or, 
in the case of equal roots, they will make this function vanish. 

Suppose a, 6, c, &c. to be the real roots, decreasing in magnitude, of 

the equation 0(jr)=O ; and suppose a -fj8>y — l, of — ^S^^— 1, to be a 
pair of imaginary roots of the same, if any such exist. 

From the real roots are formed real simple factors of 0(j:), viz., 0*— a, 
ar— 6, jc—c, &c. 

From the imaginary roots real quadratic factors are formed, sucli us 
(j?— a)*+/3'-. (Prop. 14.) These factors are essentially positive when 
any real value is assigned to x ; the sign of <^ (x) is therefore the same 
as that of the product of its real simple factors. 

Now (x) is of the form (x — a) .P, where P denotes the product of 
the remaining simple and quadratic factors, its sign depending only on 
the former. 

Let (/>' {x) be the function derived from 0(a?), and P' from P, we 
easily find 0'('2?) = (j:-a).F+P. 

The simple factors of P, viz. a?--6, x — c, &c. are all positive when a 
is substituted for x, and by the last equation 0' (jr) is also positive. 

Again, we may put (j?) = (x — 6) . Q, and therefore 0'(x)=: 
(«r— 6).Q'-f Q; and of the factors of Q, viz. x — a^x—Ct &c. one only is 
negative when b is put for x, namely 6 — a ; the substitution of 6 renders 
therefore 0' (x) negative. 

In the same manner it will easily be perceived that the substitution of 
c for X would give to 0' (x) a positive value, and so on. 

From this proposition we see that between two consecutive roots of 
the primitive equation (x)=0, an odd number of roots (one at least) 
of the derived equation must exist. 

Also, that the first derived equation has at least as many real roots as 
the primitive, wanting one ; and the mih successive derived function 
has at least as many real roots as the primitive wanting w, all whicli 
lie between the greatest and least of the primitive. 

When there exist p equal roots in the given equation, it is of the form 
(x— a)P.R ; and therefore the derived is of the form (x— a)P'*.S, that 
is, p — l of such roots descend to the first derived, and similarly p — 2 to 
the second, and so on, and the same law holds if there are several systems 
of equal roots. 

If all the roots of an equation be real, all the roots of any of its de- 
rived equations will also be real. 

The converse theorems to those above given are not necessarily 
true. 

Example. (x)=x" (1 — x)". 

The equation 0(x)=O has n roots each equal to'zero, and other n 

ots each equal to unity. 
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The nth derived equation is 

This equation must have all its roots real, and between and !. 

23. It is frequently convenient to make equations undergo trans- 
formations, which, as they in general affect all the roots in the same 
manner, will produce, as coefficients to the terms of the transformed 
equations, symmetrical functions of these roots ; an abridged but 
expressive notation to indicate the symmetrical function which enters 
I he process, with a little attentive practice, has the desirable eff\ict of 
removing a mass of unnecessary labour, and of giving with distinctness, 
at a glance, the mutual relations of such functions. Perhaps the simplest 
mode of representing symmetrical functions is by prefixing the sign 2 
before one of the terms of the symmetrical function, which is taken as a 
type of all the others, and from which they may be generated by merely 
changing in all possible ways so as to produce different combinations, 
the roots which enter that term, the prefixed 2 denoting the sum of all 
the simitar but different terms thus generated, which sum is the sym- 
metrical function to be expressed. 

Examples for Practice. 

Let tti, ag, a3, ... .a«, be the n roots of an equation of /i dimensions. 

Let Sw Sj, S3, ... . S„, be respectively the sums of their first, second, 
third, &c. powers. 

Let «!, a,, Os, . . . .a«, be the sums respectively of the roots them* 
selves, of their combinations, two and two, three and three, &c. 

First example. Si=2cifi. ai=2aj. 

therefore Si — ai=0. 

Second example Sa=2ai* 

ai=2ai Si = 2*1 

but ^|.Si is not the same as 2^1*, it includes besides terms of the form 
ajQa, and each term not altering by permutation must enter twice ; 

hence aiSi=l'oi'+22aia2; 

and since 2as=22aia2, we have 

Sa— aiSi + 2ffs=0. 

Third example. S3=2ai*. 

— fliSi= -:Sai.Sai*= — Sa,8-Sai*aj;. 
ff^Si= 2a 16^ . 2a 1=^ 2ai*a* + 32aia2a3, 

because the change of roots in the latter term produces necessarily three 

like terms; 

and since —3^73= — 32aia2a3, 

we have by addition Ss—^iSa +028 1 — 303=0' 

Fourth example ; m not greater than n, 
S„=2a-. 
-aiS„.,=:-2ai.2ar-»=— 2ar-2aia,'»-' 

Og S„_a = 20102201""*:= 2a ™"*aa+2aiaaaa"'"*. 
— Oa S„_8 = — 2aia808 2ai"'"*= — 2ar~*02a8— l^aia^^^ 
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in each of which the last term of the rip^ht-hand member is the same, 
with a contrary sign to the symmetrical function which is the first term 
in the same member of the next identity ; but as tlie index diminishes 
in th^se combinations to m — 1, m — 2, &c., successively, it will be 
reduced to unity, in the identity of which the left member is + «„«iSi, it 
will not then be altered by putting successively all the roots for that 
with the index so diminished, and as the sign Z implies that only 
different combinations enter under it, we must give this term a co- 
efficient «?, or 

flfm-i Si=2ai*a£a3 .... a^.j -{-ifn^aia^cL^ . • . • a^ ; 

and by the addition of these identities we have 

which is a verification, by actual process, of the theorem of Newton for 
the sums of the powers of the roots, which has been proved directly in 
the Algebraical Expressions^ p. 18, by Mr. Drinkwater. 

When m > n, the index under 2 in the last term of the right hand 
members never reduces itself to unity in all the equations where both 
the factors multiplied are polynomials ; it is for this reason that the 
theorem then becomes 

These forms of Newton's theorem have been long used, first to find 
the sums of the powers of the roots when the coefficients of an equation 
ii^— ajaj^'J+OiJ:""*— .... ±a„=0, are given, and, secondly, to find the 
coefficients when the sums of the powers are given, by both which pro- 
cesses combined the transformations of algebraic equations can be 
effected with scarcely any difficulty but the length of the process. 

24. The sums of the powers of the roots thus found are implicit, 
that is, expressed not explicitly in terms of the coefficients, but made 
to depend on each other by a formula of reduction ; they may be ob- 
tained explicitly by the following theorem. 

Proposition XIX. 

I 

Divide the left hand member of an arranged algebraical equation by 
its first term, or that which has the greatest exponent, the equation 
becoming then of the form 1 + P=0, in which P contains only 
negative powers of t. Take next the logarithm of this quotient by the 
formula, 

Log. (1 + P)=p^-1. .p«+-lp3. . . . +— P"», &c. 

and commencing with the last-written term select the coefficient of 
a?"*" in that and as many of the preceding as contain it; this quantity, 
when multiplied by ?7Z, and the sign changed, will be the sum of the 
wth powers of the roots. 

But if the equation be divided by the last instead of the first term of 
its left-hand member, and then the logarithm taken, &c. as before, we 
should thus obtain the sum of the inverse mth powers of the roots, by 
taking the coefficient of x*" and multiplying it by — m. 

For let ai, ag, as, a* be the roots of the equation ; decompose 

e lefl member of the equation into simple factors, it is equivalent to 
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(j— ai) (j?— a,) (r-ng) (or -a.). 

Hence, dividing^ by .r*, 

■ •+'=0.-^)('-^)('-^) 0-T-); 

therefore 

Log. (l + P)=Log/l - y) + Log/l - -^'"j + Log/l - ^= 

0? 2 a;'* 3 j?« 771 j?"* 



a, 1 ci,»- 1 tta" 1 al . 



cc 2 a* 3 ;!■" wi .t'" 






TO a:" 



From whence it follows that is the coefficient of x^^ in Loff. 

m ^ 

(1 + P). 

In like manner, suppose the equation divided by its last ierm, which 

is the same as — a1.a2.a3. . . .On, and the quotient resulting from the 
left-hand member to 1+Q, we have 

'-«=(-i)('-^)('-e) ('-a 

Put now S_i = — + — + h + ^ 



ai ttj ttg a 



n 



_ 1 ;i' 1 1 

«! «2 «S «». 



S =1+1+1+ 4» 



ar a? aj aJT- 



HenceLog. (l + Q) = -|s.i.j? + -i-.S.8.^«+y.S_3a:»+ 

+ — .S.„a;« + &c.}, 
by which the second part of the proposition is manifest. 

Example 1. — To find the sum of the direct and inverse ?nth powers 
of the roots of a quadratic equation, x^ + ax+b=:0. 

By the proposition just proved we have 

— — •SmSs coefficient of j?"^™ in Log. jl +f — +.~i)|-j 
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Rejecting the terms which would involve negative powers after a?""*, 
and inverting the order of the ternis ; lastly, multiplying by — m, we 
shall have 

S„ = coefficient of a^-"»in (-l)4f— + AY !!L (j?L+ AY ' 

\\a; x^J m — 1 \ a? c^J 

^m-6^3^ &C.j 

the number of terms being — + 1, or — — , according as m is an even 
or odd integer. 

Similarly, 

S_„ =coefficient of j^*" in Log. 1 1 + ( "T". •^+-t- . oi^ )f 

Therefore, S.« = coefficient of jt*" in (-I)"* {(-|^« ^ "*" T ' W 

= ^, which result is verified by recollecting that 6*" is the product of 

the 9nth powers of the same two quantities, for which S^ is the sum of 
the 7/ith powers. 

Exmnple 2. — To find the sum of the inverse wth powers of the roots 
of the equation a?" — aa?+6=0. 

Here we have 

. S,„ = coefficient of of* in Log. {l (ax- .t") [ 

m I 6 J, 

When the logarithm is expanded the only terms which may contain 



x^ are 



111 1 ' 

Therefore 

S.„ = coefficient of x^ in 7^- j(aa?-x")"*4-'-^ . b (flj-*r")"-* 

bmi m— 1 

Tit 1 

+ . 6«(«i'-A")'^-« &c. i 

The general term of the series between the brackets is — 

r .6*(ajr-j;'*)"*'*. 

7ow, (ax - it*)"*-' = a"*-* j?"** — (m - Ar) a"-*"* ^+-*-» + 
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the only values of Jc which would allow the exFstence of a term con- 
taining j:"* on this expansion are obviously 

A:=0, n — 1, 2n— 2, 3/i— 3,.&c. ; hence 



S^^srcoefficient of oT in 4=|(aa:-a?»)*"+ — -^^-: .6-*(ajp-a;T*" 

6*1 m— 71+1 



» .*. 1 . wi (m — 2n -f" 1 ) „ fc, ,9- o 



_ m(m-3«+2)(m-8«+l) 1 

1.2.3 o .-r » I 

r7t 
the number of terms being the integer next greater than ~ . 

. As a particular instance suppose ar=0, 6= — 1. 
When m is jiot a multiple of ?i the whole series vanishes, and when 
it is a multiple the required sum is equal to n ; the equation in this 
case is j" — 1 =0, and the same property of the roots of unity is equally 

true for the sums of their positive powers; for if we put a;=: — , the; 

if 

equation becomes y" — 1=0, the roots of which are necessarily the reci- 
procals of the roots of the former, which, being the same in form, it fol- 
lows that, amongst the roots of the equation jf — 1 = 0, each has its reci- 
procal, and therefore the sum of the direct and inverse Tnth powers must 
be alike. 

Example 3. — To find the sum of the inverse with powers of the roots 
of the equation x*--aaF-\' 1=0, where w>/?, and prime to p. 
Expanding the logarithm we have — 

— . S_,« = coefficient of a^ in +(ax''— Jt") +— (aa:^— a?")* 

+ -r- (aa*-a?")^ &c. 

Now (a:rP-j-)'=a^,a'*^;ta»-'^»''+»-'' +-^^^^I^,a*-«^*i'+«(«-iO, &c. 

1 • A 

And in order that a?*" may enter, it is necessary that some of the fol- 
lowing equations may be possible in integers, viz* : — 

kp=zmf m-fp—n, 7n+2p — 2n, m+Sp — Sw, &c. 

First suppose m to be divisible by p ; and since p is prime to 7i it can 
measure no multiple of n between and pn, between pn and 2p7i, &c. ; 

hence the possible values of k are — , — Vp^n. -^ + 2p — 2n, &c., 

P V P 

negative terms being excluded ; hence — S_,» is the coefficient of aj** 
in the series 



^rp — n \'2p—2n 



p p 

(oaf— aj*)p ,&c. 
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m 

or, S-^ =zpap 

+ , &c. 

^ When p does not measure m, put 

pA:= m4-^' (p — n), or pk + (n— p) k'sztn, 

and if K be the £createst tahie of k Which satisfies this indetiSrtninttte 
equation, its olher values are K+p-^n^ K + 2|>— 27t, &c. ; and then 

— S.« = coefficient of aT in — ((w* -ii^)« + — -i (oo;^ -aJ»)*+«"- 

+, &c. 

And if K be the least value of A, its other values are K+p^ ic+2p, &c., 
and these determine the place of the term which must be selected fromi 
each of the, above binomials. 

25. tn the next place, it will be very useful to be able to find ei^pli- 
citly the coefficients of an equation when the suihs of the powers of it$ 
roots are supposed to be known. 



Proposition XX. 

8 



Form the expansion^ 1 -Si.^+~-. k*''-T-^^,h\&cA6n-^lUirms. 
number of terms being the iHieger next above — . 

• * * 71 • 

number of terms being the integer next above -^ • 

And so on to the final serifes^ coiisisting only of two terms, viz. : — 

n 

If Si , 8a 9 Sg. . • ; • . S, , be the sums of the 6rst, second, third • . ^ 
Tith powers of the roots of the equation af +aiaf""'Hhflsri!^'*+ . . . +a, , 
then a^ will be found by taking the coefficient of ItT in the product of 
the first m series given above. 

For by the last Proposition 

k instead of - , and denote by f the base 6f Naperian kigarithms» 

X 
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Hence l + aj^+OaA'-f .... +a,fe" =. g-s.fc^-is,/,* ^ ^-isa;.' ^ ^^ 

and the series given in the present proposition are the expansions ac- 
cording to the powers of h of each. of the factors in the right hand 
member of this identity ; only the terms which have higher powers of 
h than the 7ith are rejected, as from the nature of the identity the total 
coefficient of any such power must be zero. 

Example 1. To find « i , Og , cia > &c. 

_, Oi So Si /-, S« „ 

Example 2. To form an equation such that its roots may possess 

the property Si=:0, S,=0, Sa=0 S,_i==0, S.= c . 

In this caie the first n— 1 series contain no power of A ; therefore 

S« c 

ai=:0 , at=0.. .ff„_i=0, a„= =:— -, the required equation 

n n 

is therefore a?" = 0. 

n 

Example 3. Given Si=0, Sa=0. . . .8,=;?, Sp+i=0. . . ,S„.i=0, 

S.=7f. 

The two series to be multiplied in this datse are 

1-A^+ zr^ , &c., and 1— A*, ftc.'* 

Supjpose p does not measure 7f, and k the gt'eatisst number of times it 
is contained in rz, the product of the two is 

the required equation is therefore 

But if fi measures 7t, the two last teruis must be united. Iii like 
manner may the coefficients be found when the sums of the negative 
powers of the roots are given. 

26. Scholium. In the two preceding propositions we have sup- 
posed the reader acquainted with the expansions of a* and log (l+<i?) ; 
if not, their investigations stre here supplied. 

To expand o? according to the powers of y. 
Let a' =:/(x) ; then, siiice a*. a*'=a^% we have 

where fix)^ f'(pO « &<^« ^^^ ^^^ aucoessive derived funotioqs of fix), 
. But it IS clear that y being arbitrary^ the expansion of f(y)y that 
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fffx) 
is a^ cannot contain 07. and for the same reason ~-r cfannot contain y ; 

tlierefore all the coefficients in the above series are independent both of 
X and y, and consequently must be some functions of a ; let us there- 

fore put - ^ ^ = (L(d) : hence we find 

f\x) = cl,{a).f(x) ; /'(^)=0(a)./(a)=:(^a)S /(x) 
f"{x)=(<l>ay,f{x), &c. 
by substituting these values we obtain 

^3/)=l+0(«).y+ (^(«))'. ^+ -f5^'+ &C. =0". 

Now, for some particular value of «, which we denote by f, the 
value of ^(a) will be unity ; this quantity s is readily found by palling 
in the preceding expansion 

0(a) =1, y=l, a=5, 
which gives 1 + 1+ A + {"^ + &c.=s= 2. 712818, &c. 

Hence l+y+ ^ + j-|^ + &c. =5^ 

write now y<^((i) for y in this expansion, and compare it with the 
former, and we have 6*^^**^=:a^, therefore 5*^"^=rt; and hence, by the 
definition of a logarithm 0(a) is the log. of a to the base 6, that is the 
Naperian log. of a. 

To expand the Naperian log. of 1-j-a;. 

Let l + j?=a, hence (l + x)''=l + 0(a).y + (0a)«. p^ + &c., 

where 0(a) is the Naperian log. of l + o:, and is the coefficient of y in 
the expansion of (l+j:)''. 

But also (l+x)v=l+3,.x+ ?fcL> .*«+ ^^^7'^^;-'^ . *' 

Select now the coefficient of the simple y from each term of this ex- 
pansion, and it must be equal to the coefficient of the same quantity 
found by the former method. Hence 

Nap. log. (1+0:)= JF— — + — — — -f &c. 

Our object here is only to prove those expansions which are of the 
most frequent application in analysis, and not to follow out the diflferent 
properties of logarithmic series. 

27. We shall now give some instances of simple transformations of 
^nations, pointing out the uses to which they are subservient. 
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Problem I. 

To increase or diminish the roots of an equation by a given quan- 
tity e. 

Let ^(ir)=0 be the given equation : put yz^x-j-e; the transformed 

13 ^(y+c)=0 or ^(e) + f(e).y+0"(e). ^ ' 



1.2 

^^ ^ ^ 1.2. .(71-^1) ^^ 

the dimensions of 0(e) ^'(e).0"(e). . . . 0''^""^(<?) are respectively yf, 
(n — 1), (71 — 2).... 1, and therefore to deprive an equation of its 
second term, we must solve a simple equation, of its third a quadratic, 
&c. ; but none of these transformations, except that of taking away the 
second term, is much used. De Gua pointed out one use of taking 
away the other teHns, namely, if all the roots of 0(j') were real, and we 
make 0"^"'^(eJ=:O, this equation has also real roots, for all the derived 
functions necessarily have them (Proposition XVII.). Let a, /5, y, &c. 
a, 6, c, &c., a', fi\ y, &c. be the roots taken in the decreasing order 
of magnitude of the equations 

a lies between a, j3, and makes ^'"^"'**^(e) negative for any quantity 
greater than a would make it positive, and there is but one root a be- 
tween such a quantity and a, but a also makes ^"^"*+*^(e) positive 
(Proposition XVII.). The same considerations ibhow that by when put 
for e, would make ^"^"•~*^(e) positive, and ^'"<"*+*^(e) negative, and so 
on ; therefore, when a term is taken away from an equation with all 
real roots, the terms immediately preceding and subsequent must have 
contrary signs ; conversely when a term of an equation is wanted, if the 
preceding and succeeding terms have the same signs, there is at least 
a couple of imaginary roots. 

To deprive an equation of its second term, divide the coefficient of 
the second tenn by the index of the first, and put a: equal to y minus 
this quotient. 

Thus a?" — 6 J?* 4-1 2x*, &c. =.0 ; to take away the term involving 
a*, put j?--l equal toy, or x=^y+l, 

(I 

And in the equation x*—ax*~^-\-bXy &c , put a?=y+ - • 

Remark. The algebraical solution of the quadratic, cubic, and bi- 
quadratic, are much simplified by this transformation : let us consider 
the reason of this: the value of :r, in the most comprehensive state in 
which it is capable of algebraical expression, consists of a term free 
from radicals, and of other terms affected by them ; this single expres- 
sion being required to give all the roots, can only do this by varying its 
radical parts according to the different values of the roots of unity ; 
the part unaffected by any radical is therefore the same in all the roots ; 
now the rational coefficient a being the sum of all the roots, it follows 

that the part in question in each root is - , for the radical parts in the 

summ^tioii must destroy eaeh other to give a rational sum. 
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Hence, when we put x = V, the values of y will have pne 

n 

term fewer than the values of x (and consist essentially of radicals) | 
it is for this reason, that greater simplicity attends the research oi' y 
than of a,\ 

From this it is obvious and worlh remarking, th^t the part of the 
general expression for the root of the equation a^— aj;"~* + 6jc""* — &c., 

which is free from radicals, is always =? ~. 

n 

28. Problem 2. To transform an eqHation into pne pf which t^is 
roots are those of the given equation multiplied by a given number. 
Let m be the given number «" — aj""*+/ij?""' — &c.=Q, the given 

equation, put ccz=. — , then by substitution, and multiplying by m% 

we have y* — amy""^ + hm^y*~^ — &c. 

The use of this transformation refers only to the numerical solutiqi| 
of equations ; for if any term in the equation proposed had a fractional 

V y ' ' 

coefficient - , then put j7= - , and all the coefficients of the trans*' 

q q . 

P V 
formed are integers ; if there were two such coefficients as - -^ , put 

X =: -^, and so on. 

If the proposed equation had any rational root, the transformed 
would h&ve an integer root ; for if an equation has all its coefficients 

T 

s 

unknown 
common 

r" N r* •« 

•:r-+ -—: r=0? hN=0, which would be impossible if- were fi 

fraction in its lowest term, since then — would also be ii) its lowest 

terms. 

Any equation which has numerically a rational root may be easily 
solved by this transformation. 
. 29. Problem 3. To transform an equation into one in which the 
rpQts are the reciprocals of the roots of a given equation. 

Put 0:= -, and multiply by y\ 

It will easily be seen in this transformation, that if an equation in x 
want the mih term from the beginning, the transformed in y will want 
the with term from the end ; by combining therefore this transformation 
with that in Problem 1, we can take away the last term but pne by a 
simple equation, the fast but two by a quadratic, &c. 

If the coefficients of the terms of an equation taken froni the begin- 
ning be the same as those equidistant from the* end, the transformed 
and original equation have tb^ «afn0 fpfqa, 9nd therefore the s^me 



r 
integers, it cannot have a fractional root; ibr suppose *- put for thQ 

s 

(|uantity, and all the terms afler the first collected pver a 
denominator «*"', and let N be thip numerator; l^^Qce. 
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roots ; but since y^ -, it follows that amongst the n roots of the 

Sroposed equation for each root, there Is another which is its reciprocal ; 
lese equations have been called recurring or reciprocal equations. 

If »i fit y, &c., be roots of a recurring equation, then -, -, -, &c. 

« P r; 
also are roots ; and when their number is odd, there must be at least 
bne toot which is its own reciprocal, and its value is therefore it i. 
Having separated this root if it exists, by the division of the factpr 
jTjpl, the quotient will be of a recurring form, and will be reducible 

to one half its dimensions by putting x+-~ = yi to facilitate the 

X 

transformation we may use the formula 

^+-^=y^-wy" '+ j^ g >y" j-^3 .y"", &c., 

which is the sum of the 7ith powers qf the roots of the equation 
^-yj?+l=0 by Proposition XVIIL 

Example. 6a?* +35«»+62j;*+35jr+ 6=: 0. 

Hence ^** +^) +^^ ( * + i) + (52=0 j put ^+ - =:= y. 

When y = -g an4 - — 

. 5 -1 

Taking the first value i^-|' ^ a;+l=0 , wher^ x^ —9 and — ?, 

••jr?**-*^ i^ecgnd , . . • jp"-^ — jp+l=;0, .,.. j:~.— 3and— -• 

30. Problem 4. To transform an equation into one of which 
the roots shall be the mth powers of the roots of the proposed. 

I^t a, fij y, &c., be the roots of the proposed if— a«*~*+6a;""*, &c. 
=:0, then <?"*, /3'', y*", &c. are the rppts of the transformed. 

J^t Si, Sif Sst &c. be the ^umsof t)ia firsts second, third, &c., 
powers of the roots of the proposed. 

^19 ^t > <^« > &c. similar sums in the required equation ; then 
<ri=S„, ff8=:S£„», «y8=S8«,&c. ; hence, if the required equation be 
y"-Ay"-*+By-"— Cy-», &c. =0, the coefficients A, B, C^ &c., 
inay be found bj Newtpn's formula, or by Proposition XIX. 

Remarks. Since A=Sm, and a root of the equation in y is the 9nth 

powjer of that in x ; and since it has beep shown that the coefficient 

of Ihe secQpd term diyided by the radi^ with sign changed is fh^ ra- 

g 
. tional part of the general formula for the root, therefore -^ the 

part of ihe mth power of any root. 



1 
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' We must be careful to remember, that the root is here, as before sup- 
posed to be, in a form which comprehends all the roots, which is that 
given by the algebraical solution of the equation. 

Thus, even though an equation be not solved algebraically, we can 
find the rational part of a function of its root. 

31. Conversely, by comparing the rational parts of the powers of 

1 
compound surds with the values of-.S„ in the equation of which 

the surd represents the general root, we can find the quantities affected 
by the different surds, and thus discover the root of the equation. At 
present we shall not pursue this further than to give a few examples 
for illustration. 

Example 1. Suppose a+ft to be the general root of the equation 
JT* — ax + i=0, it is required to find a and /3. 

Rational part of (a-f /3^) =:« 

„ „ of(«+/3V =«H/3J 
Again, S, =: o, 82=: a*— 26 ; hence, by the above principle, we have 

«=2 «+/3= 2" or/3 = j--6. 

Example 2. We have seen that when the second term of an equa- 
tion is taken away,. the general root is entirely surd ; suppose therefore 

a 4-/3 to be the general root of the equation ii^ -f aa? — 6 = 0, to find 
a and ^. 

Observe that «" being an irreducible surd, a^ is also such, for if 

rational and equal to y, we should have u^ = y^, which would give a 
different form for the root than that supposed. 

The only part which can be rational of {a^ + (py is therefore 

2 (a/3)^, that is, aft must be a perfect cube ; and since Sg == —2(1, the 

S I. ft 

above rational part = -^ which gives («/3) = — « 

Again the rational part of (oc^ + /3*)® is only a+/3 for the term 
2 1 I J 1 

3«^ /3^ = 3 (a/5) ^'.a^ and is irrational, because (a/3)^ is rational. 

But since Sg + a Si — 36 == 0, therefore S, = 36 ; hence oc+ft — 6 

a' 
the equations for finding' «, ft are cr/3 = — — -«+/3=6; whence 

of X is then «"* + /3^ subject to the condition (a/3)^. . . rational. ' 

Thus we obtain the same system of roots as that given in the Alge- 
braical Expressions. 

Example 3. Suppose «* + /?* + y* to be the general root of tlie 
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biquadratic deprived of its second term a* + ax* — 60? + c = 0, to find 
«, /3, y. 

Rational part of f oc + /3* + y* j* =«+i3+y 
• . . . of ^«* + /3* + y*J=6(a/3y)* 

for the simple rectangles (er/B)^ &c. are radical, otherwise «^+/3^+y^ 
Would be equivalent to only one sqnare root. 

Rational part of ( « + /3* + y*\ = oc'-f- /3* + y' 

Again S, = — 2«, Ss = 36, S^ = 2a* —4c ; therefore to find or,/3, y, 

we must have a+/3f y= - ~ (a/5yr = -^ a*+/3*+y'=^ c 



c a' 



Hence of/3+«y+/3y = — — — therefore a, /3, y are the 3 roots of 



the cubic «'+ 



— - /^ -4-1 — •• I A! — — =! O i anr I inpn T.r^n 



2 



a«+[y-— J «- — =rO; and then x=:a + 

ft -\"Y subject to the condition «. /3 . y . . of same sign as 6, which 
determines its four roots. 

These are moreover the only forms of irreducible surds, by which the 
general roots of quadratic, cubic, and biquadratic equations can be re- 
spectively expressed ; that which has been called the irreducible case 
of cubics, and which exists in reality only in the arithmetical solution 
can therefore never be removed by any algebraical solution seeking 
to express a root by irreducible surds; we have a sure test of this by 
the impossibility of making the rational parts of the powers of other 
surds to coincide with the corresponding quantities deduced from the 
coefficients of ihe equation. 

It may also be remarked that the march of the index of the mono- 
mial surds as we pass from an equation of a lower to a higher degree 
does not follow that indicated by the dimensions of the equation, but 
by the prime divisions of the degree : thus the index in the quadratic 
is J, in the cubic -J, in the biquadratic J, for the same method will show 
that it is impossible to express the general root of a biquadratic in irre- 
ducible biquadratic surds. 

32. Problem 5. To transform an equation into one of which the 
roots are any given functions of the roots of the proposed. 

Let er, /3, y, &c. be the roots of the equation 0(j7) = O, and F(«), 
F (/5), F (y), &c. the roots of the required equation ; eliminate a; be- 
tween the equation 0(j?)=O, y — F (j:')=0, by a process similar to that 
of finding the greatest common measure, the resulting equation in y 
will have the roots proposed. 

Or, if we denote by F (0), F' (0), F' (0), &c. the values which 
F (j?) and its derived functions acquire by putting a?=0, we have 

F(*)=F(0)+F(0). a?+F'(0). j^ &c. 
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and therefore if Si, Ss, &c represent the lums of the powers of the 
roots of the given equation, ai a^ &c. of the requiredi we have 

c7i=nF(0) + F(0). Si+?p|^' &c. 

(T,= n{F(0)}» + 2F(0).F(0).Si+{{nO)}"+F(0). F'(0)|. S,+&ci 

&c. 

And Si, S,, . . Si|. are known by the coefficients of ^l^e ffiven equa- 
tion, while the coemcients of the term^ of the transforqifed are kpown 
by the calculated vahies of 0*1, erg, (t", &c. 

Remark. If the transformed equation is of the same form, that is, 
has the same coefficients as the original, it must have the same roots, 
and therefore tQ each roq^ a there corresponds another F(a), which is 
the given function of it: if the dimensions are odd, one root will be de- 
terminable by the equation (Fq) — a(:=0, {ind maybe found by seeking^ 
ihe common measure of 4*ix) and F(jr)— <r, and the other roots may 
be found when this is separated in the same manner as in equations of 
even dimensions, by putting F(jr)4-jr=2, which wili give an equation 
in z of only half the dimensions of the equation so reduced. 

33. Problem Q. To tind an equation of which the roots are the dif- 
ferences of the roots of two given equations. 

Let a:"-ajj-*+fc"^'-cuf -f- &c. =0 

be the given equations, we are required to form an equation of which 
the roots are the excess of the roots of the second above those of the 
first. 

Since each root of the first being subtracted from any one root of 
the second gives a root of the required, the latter must have m,n roots, 
aqd its form (putting q^fn,n) may be represented by 

2«- A 2'-^+B 2'-*— C «'"*+ &c. =0 

Let Si, St, Sg, &c represent the suqis of the first, second, third^ ftc. 
power of the roots of the eouation in x, 

S'l, S'a, S's* &c. siniilar quantities for the equation in y 

and $1, «£, 93, &c. the sums of the powers of the roots of the equation 
in z. 

We have «i=22=2(y— ar)r:2y— 2T=:nS'i— mSifor the sum 2y, is 
to be taken for mn terms, and the same cycle of terms recur afler we have 
gone through the m valiies of y ; the same remark applies to the sum of 
any function of y unaffected by <r; but when combined as^S^ y^ this 
has no such cycles, and is strictly the same as Zo;' 2t^^ under which 
form the pure powers may be included, for 2i*2/*=: Ji* Zy*=:7rt Sx* 

And generally since 

=22^ x^^pjy^' lx+ ^j%Y^ V- 2x«-. &c. \^ 
therefore 
», = nS'p - pS\.y S^ + tliEZl^sV.. S. ± pS', Sp., ±m S, 

The quantities «i, «2, »„ being calpulat^d frpm this formula, the co- 
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efficients of th^ required equation s^re known by the theorems already 
given. 

Remark. Suppose the two given equations to be exactly alike, the 
dimensions of the transformed equation wouI4 be ?i*; but as it must 
have n roots equal to zero, it becomes of 7?(n~l) dimensions, by di- 
viding by «;" ; moreorer the roots of the transformed equation have for 
each an equal root with a contrary sign ; therefore the sums of their odd 
powers vauish, the degree of the transformed equation may be then 

reduced to — ^- — by pial^fng i«=2* ; t^e terqaa equidistant from both 

40 

ends of the foregoing value of ^ being alike may be taken together, 
and therefore if Up be the sum of the p*^ powers of tbe different values 
of u we^ have > 

U, = nS^-r 2p s. s„.,+ ^^^^ s. s^., +;.... . . . . 

^ 2p(2p-l) (2p-2) (p+1) (S,)» 

: •"•'* i. 2. 3 p' *2~ 

Put m = -^-^ — - and form en equation v 

M"'+ A?^"^»+Bm"-»+ +Ptt+Q=sO ; 

sucb, that the sums of the ^** powers of the roots may be that quantity 
expressed by Up, the ropts of this equation will be the squares of the 
differences of the roots of the equation in <r ; this transformation first 
given by Waring has yet some iippprtant uses in thie solution of equa- 
tions. 

34. Problem 7. To find the last or absolute term in the equation 
ivhose ropts fure tbQ squared of the differences of the roots of the pro- 
posed. 

Let (X, /3, y, &c. be ^he roots of the f^quation 4> (^^=tO« and liet ^' (x) 
be the defived function of ^ (<r), then since 

^'(j?)5={a?-/3) (;F-y) ... +(«-«) {^-ry). . . . 
-Kj?— a) (a?— /3) (ir— o)....&c. 

therefore ^(a)=:(«-i9) (a-y) («-«). . ^ . . . 
and similarly ^' (^)=03-af) (i3-y) (/3-S) 

(f/ (y)=<y-.«) (y-/9) (y-g) 

&c. &c. 

Hence 

*'(«).W'(i3).0'(y). .. . =(-1) ^. t«-/3)*(:«-y)*(/J-r)^ 



• « • • • 



This is the required last term. 

The product ^' (a) . <f/ (/5) . ^ (y). i. . . .being a symmetrical func- 
tion of the roots may be readily expressed by means of the coeflicients 
of the proposed equation, and also by means of those of the derived 
function 4^{x) by the following consideration. 

JiCt «!, /?!, yi, &c. be the roots of the equation 0'(x) = O, then 

since 0'(a?)3=»(jr— aO («— /3,) (op— y,)., ..Ac. 

therefore 0' (a) . </>' (/3) . <^' (y) . . . =: n" (a -r «,) (/J - «,) (y - a^) . . . 
X (a-/30 (/3-i3,) (y-/3,) • • X (a-yO (J3-y») (y-y,). . . . X &c. 
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But («-«,) C3-.aO (y-oc^). . . . = (- 1)* 0(«,) 

(«-A) (/3-/3,) (r-/3i). . . . = ( -1)- (A) 

and observing that ( — !)"•<•-*> = 1, we obtain 

*'(«) . 0' (/3) . 0'(y).. . . = n"^(«0 . 0(^0 . 0(yO 

the last product being a symmetrical function of the roots of the de- 
sired equation. 

35. In order that an equation may have two equal roots, a certain 
relation of the coefficients is necessary; this relation, which expresses 
their mutual dependence, must be such that the last term in the equa- 
tion to the squares of (he differences above obtained may be zero, since 
one of the roots of the latter e(;[uation is nothing; the condition there- 
fore that the equation </)(j')=0 may have equal roots, is ^'(«). 
<f}' (/3) . ^' (y). ... = 0, or which is the same </» (cuj) , ^ (fit). 4* (yi)« • • 
=0; the latter is preferable in practice for having fewer factors. 

Example I. Required the condition that ofi'\'ax+b may have two 
equal roots. 

Hence ai = — — 

therefore 4^ icci)— ( — ^J -~+6=-|-+6 

a* 
the required condition in this case is 6— -r =0 ^ 

Example 2. To find the condition that the cubic c^+ax^ + bx-\-cz=:0 
may have two equal roots. 

Here 0(j:) = j'a+ ajc* + 6jf + c 4t\.v)=3ji^ + 2ax + b 

, 2a b 

or a^ + Y . a?+ ~ = (j?- a,) (jp-/5») 

we must have W + aoc* + ba^ + c) (/3i* + a/3i" + 6/3i + c =0 
hence a|»/3,» + aoc*Q* (a, + fi,) + boc,ft, (a,* + ^,«) + c(ai»+/5,») 

+c* = 

Put - for ari/3i and collect the terms which multiply the same sums 
of the powers of oi /3i ; this gives 

("27" + "9" + 'V ■*■ ("9""*' ^V ^"'"^^^^ ■*■ Vt "^"V ^"'' "^ ^^'^ 

+ c(a,« + /3,»)=0 

by substituting these values the required condition becomes 

. 2ac 6* 
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When c=0, the proposed equation becomes {x* + ar+b) , j? = 
and the condition for the equality of two of its roots is 6' (46 — a*) = 0, 
which is satisfied either by supposing 6=0, or a*— 46 = ; on the first 
supposition the two equal roots are zero, and the second condition is 
that already found for the equality of the roots of the quadratic equa- 
tion j^ + ttjc + 6=:0. 
' It is usual to suppose a:=:0, which simplifies the proposed cubic, and 

46* 
the condition for equal roots is then c*+ --- =0 

36. Problem- 8. To eliminate x between the equations <3(>(a:)+y=0 
F(<r) =0 these functions being rational and integral. 

Let a, p, y, &c. be the roots of the first, and a^, /3i, y„ &c. of the 
second equation, then the condition {y + <5f>(ai)} . { y + </> (A)} . 
{y + 0(yi)}- •• • =0> implies that y-|-0(r)=O is true simultaneously 
with the equation F(a:)=0: it remains to reduce this product to the 
form y"'+^3/"'"*+%"*~* + &c.=0, where m, which represents the num- 
ber of factors, is manifestly the same as the dimensions of F(t). 

Taking the logarithms of these identical expressions, after dividing 
each by y^, we obtain 

= Log. {l + ^} + Log. {l + t^>} + Log. { I + ^>} + 
= 2 Log. 11+ -^ — - f for abridgment 

t y y y ^ 

But since dj is a root of the equation F (x):=0, we have 

F(x) 
2^ (ai) = coefficient of i in - ^' (j?) Log. — ^ 

* X 

F(x) 



A* 



2{0(a,)}*= in-'2cf}{x)<l^'C^) Log. 

l{i,(aOY- in-3^(x)«^'W Log. ^^""^ 



or 



&c. 
and also observing that 

y y' y' "" ' y+0W 

therefore Log. jl + - + -i + . . . .—r^ + ml = coefficient of i in 

I y f y y i » 



y+i)ix) ^ x^ 

Well y+0 (a?)=(«r— a) (x— /?) (j?-y) • . . . . .taking the coefficient 
of the. highest power of jp to be unity. 
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Hence -^^ = -1- + >_ + J_ + &c. 

for abridgment 



Also 






J-og. ^^ = Log. a~) + Log. (1-^^") + Log. (1+^;^^ +&C. 

# • ■ X J X J xj 



and If the corresponding terms in both series are multiplied, the pro- 
ducts will 6ach cbhtaiii — ; wherefore 

X 

Log. |l + — +-T,+.*.^ + -|iT+T^| 

where y being of n dimensions, we may stop in seeking a at the term 
— 2 «!* 2 a""* and for h at the term r— 2 Qi** 2 a"*", and iso on. 

The exact expression for y* + ay"*~i+ ftV*"" &c. is y"* , f . * 
the sign 2' denoting the sum from n=l to n=x 

Corollary. Let the form of the function F(a;) be a?"*— 1 ; then if 
m'be not a multiple of m, we have 2a*"'=0, and when it is a multiple, 
2a"*'=sm ; hence 

Log. 

I y y* y"""* r^ y 2 y« 3 y» 

&c. 

= -2{a-« + a~*^ + «"*"+ &c.} 

if the former series be usedt we may omit in (^i)"*' those terms In 
which the itidex is not a multit>le of m, and put m for any term in 
which the index of ai is a multiple of m, and equate like powers of y ; 
if we use the latter series we may equate like powers of y, taking 
always one term more under the sign of Log. than under that of X : 
thus, 

Coefficient of 

- In Log.l 1 + -1 =5 eoeffideni of - In Za"-. 

^ y I yJ y 
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Coefficient of 

— inLog.|l|-| 1 — J = coefficient of— in ^Ca'^^+ay**"), 

. &c. &€. . 

and the exact expression for y"*+flry"'*+6y***, &c., is s ^«"»-i> 
where e stands for the base of Naperian logarithms. 

When 0(x) is of lower dimensions than m, we have a=0 ; for then 
2^(«i) evidently vanishes. 

Generally, let kp be the sum of the coefficients of a;"*, iB*"* , &c., in 
(fry, then. 



y y* .1 y ^1.2. y*^ 1.2.3./ j 

thus 

a=:mki , 6= —-^ +]mA:a , c= ^ ^ +911% k* 4-m*8 , &Ci 

87. We shall now proceed to the solution of equations infinite surds, 
first by simple individual methods, and secondly on general principles, 
adding reniarks on each. 

CUBIC EQUATIONS. 

The general forni of a cubjp equation is o'+aa^'+fcjJ+csrO, a, 6, c, 
being known quantities, positive or negative. 

The simplest equation in this class is je" — 1=0, one root of which 
being iTcslj wc may reduce o^ — l to the form («—l) (j?*+JJ-t-l) ; 
tiie other two roots are given by the equation a?*+j?+l=0, and are 

easily found to be «= — — , a?= , each of which 

is the square of the other ; for if we call one of them a, then since 
a"=:l, we have by squaring (a>)'=i ; therefore, a* is a root as well 
as or. 

If there is proposed o^:=zh^ and a denote, as before^ one of the ima- 
ginary cube roots of unity, and $^b the arithmetical cube root of 6, the 

three values of x are then ^6 , a-^b a«^6 , for the cubes of any 
of these quantities is 6. 

Thus, let ic'^s — 1 , then 0?= — 1 , is the real root, and the two ima 
ginary roots are — » — a*. 

Given a?'+ar-f fc=iO. 

Put :r, which is no longer a simple cube root, equal to the sum of 

two cube rSots; that is, let ar=p^+g. 

Then, «»=p+3p^9^+3p*9*+^f 
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and cr.r + Z»= b + a Cp^+^V* 

We thus have (/>+9+6)+ 1 S(pq)^+a\(j)^+q^) =0, 

which equation,, containing tvifo indeterminate quantities, allows us to 
make another condition between p and q; namely, 



or 



(pqy = - 1 . 

Hence p and q may be determined by the equations 



(6* a"\ 
— + — I 

>-^=2\/(t+I)' 

whence p = | +^(^1' +|J); ^ = * _^(^*_ + ^) , 

and a: =ip'^'{-q'^ , 

Now, J!?* admits also of the values «p , a'p* 

5^ of a«^^, a(/ % 

and the products of the pairs in the same vertical lines arise each (he 

1 JL 

same as p •q^f since ce'=l; that is, they satisfy the condition im- 

posed in the process of investigation ; viz. (pq) = — ~ a rational 

quantity, admitting of only one value. 

Hence the 3 roots of the cubic equation a;*4-cu? + 6=0 are 

where a is an imaginary cube root of unity, and p, q have the vafues 
above assigned. 

If the proposed equation has equal roots, the condition for their 

existence is T+S = ^' 

we have then ;?=g= - =: ^— |^ ; 

hcrefore, p s=^^=^^— |; 
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and the values of j: are 



,- .♦^.*=.v^. 



*= P +9" 



ft* 

the latter two being the equal pair. 

^ 38. It will be useful, in connexion with the general theory of equa- 
tions, to add some remarks on the roots thus obtained for the equation 
a^-hcuB+bf for which purpose let 

Xi=p7.+q\ Xi^apK+a\^, or^^ia^pT^+ag^; 

hence, a^i+Xg+jTa =(! + «+««) (/j^+^O, and by the known pro- 
perties of the roots of unity we have l + «+«*=0 ; therefore, 

Again, a?, x^rz ap^-^ («+ ««) p^q^ + «« qi, 

• a 4 4 4 

aiX8= l>^+(«+«*)|>^9^+9'^; since «'=1, and «*;=«. 

Hence, J?iJ?j4-a7ia?8+ Jfffr8=3(«+a*)p^9^=2 — 3(/}^)^ ^ 

' 4- a 

which agrees with the supposition we had made, that ipq) = — ~ . 

Thirdly, JriJ?ar8=p + (1 + «+«*) (jp^g»+j3V)+ 5 ==J3+^. 
Again, from the equations which express Xi and x, we have 

similarly a x^—x^ = («- ««) p^ , a*a?i- a;8=(a'— «) 9% 

-L I 

a?j-aa?8=(a— l)l?» , ax^ — a?8= (1 — «)9 • 

Put — j?i— jTj instead of j'a in the second and third systems of equa- 
tions, and observing that a4-l=— a*, «*+!=: — a, the second system 
is the same as the first, and the third gives 

1 1 

(a+l)j?8+<i&ri=(a— 1)2?^ ; (a4.1)i'8H-a7i=(l— a)9% 

which, being multiplied by cr, reproduces also the first system. 

But since a is one of the imaginary cube roots of unity, we shall 

obtain a second system of values of p^, 9^, by writing a% the other 
imaginary cube root, for » in the first system ; viz^, 

o«Xi— J?8 = (a*— a)p^ , cuFi — iTg s= (a -^ a*) 9 % 

B 
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which gives ax^ — a?a =: (a — a*)|J , a^Xy — a:s= (a* — a)q^ : 

thus p^ and q^ merely interchange values. 
By cubing w^ have 

ari'r^3a*a?i»jr,+ 3aa;ira«— !•,*= 3(a« - a) 9 ; 

and if we suppose afiznx^ we should havep=7, which would also 
result from the suppositions Xi^x^, x^^x^; ihusy the conditio7i for 
equal roots in the proposed cubic descends to the reducing qucidratic, 
Now« the quantity under the sign of square root in the solution of the 
quadra,tics gives the condition for equal roots in that quadratic ; there- 
fore the quantity under the same sign in the solution of a cubic, by 
being equated with zero, gives the condition for two equal roots ; in 

fact, we have found this condition to be — + h^=0. 

' We may, d potteriori, infer firom these considerations the form of the 
surds which enter the root, the condition for equal roots which results 
by eliminating x between a^+flMP+6=(), and 3jc*+o=0 is of two 
dimensions in 6, or of 6 ifi reference to the roots ; the sign of ^ 1 which 

ft* a* 
comes over the form of this condition -r+ :rr reduces it to 3 di- 

mensions ; a cubic root on this square root, added to or subtracted 
from another term of d dimepsions, would reduce all to similarity with 
the roots. 

With respect tQ the iKrithmetical application of the soli^tion of a eubic 
deduced from the preceding algebraical solution, it is easily seen that 
it will be impnkQticable by the mere extraction of roots when all ar« 
real (except two are equal), and practicable when two roots are ima- 

gmary ; for puttmg for o a* their values ■ , 

2 4^ 

we find p and q imaginary wh en Xi and x^ are real ; but if Xi x^ be of 

the form m-f-wv — 1 , m — W — 1 , then the above expressions for p 
and q are easily found to be real. 

39. Given A'+aj;"+6j?+c=0, to find «r 
Put 0?+ - =z, from whence we have 

. - , a* cf 

• ■ 



8 ^ ^ 8 81 • 



and since 



8 ""3~ ¥ 



therefore — = — — — ( h — 

27 27 9 \ 3 9^8] 

whence -r + — = ( ]c 

4 ^ 27 4 V 6 27/ 



therefore 




c afb^ fl*\ fc* 
2*" 3^2]"" "9/"^ (4"" 

j 3V2" 9y~l4 



ac / 



ac 



This apparently- complicated value of a 
great simplicity, never before noticed, to n 
ing considerations : 

If the given equation had two equal roc 
have two equal roots, the reducing quad 
roots, the term under the sign ^ in th 
would vanisli ; therefore, the equating wi 
sign »/ in the solution of a cubic gives th< 
well as does the equation resulting by elin 
posed and its first derived equation, their 
the same dimensions, can only differ by a i 

=: 0? + (W*+ 6a? + err 0, 

^=3a;*+2ajr+& =0, 

the result of the elimination of w arrange( 
c. with unity for the coefficient of the hi 
found to be 

. 2<ic b* 

<^+ -^ (2a'-96) + ^ G 
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Now, comparing the quantity [0 , <f)'] with that under the sign J 
in the above solution of the general cubic, we find the latter to be ex- 
actly 7 [<t> , ^'] , differing only from the former in its numerical 
4 

factor. 

Next suppose the given equation has 3 equal roots ; then its left 

member is a perfect cube, and we get j?= — - ; the total quantity 

under the sign { . . • . }^ in the general solution must therefore 
vanish, but the part of this under the sign jj already vanishes from 
the condition of two equal roots ; therefore, the part outside v^ being 
equated to zero, gives the additional condition necessary for a 3rd 
equal root, and being of the same dimensions, must be equivalent to 
that obtained by eliminating x between the proposed and its second 
derived, differing only by a numerical factor ; in fact, 

gi ves 0'^= 6 r + 2a ; 

ab 2a* 
whence [0 , ^"] = c — + — - , making always the coefficient of 

the hignest power of c unity : now, by comparing this with the part 
outside the sign aJ in the cubic radicals, we find that part exactly equal 

to - [<^ t ^"] I thus differing only by a numerical factor ; the actual 

solution in this form is remarkably expressive. 
If^=j»+(w*+6a:+c=0, 

then X = -|+ {i[0,*"] +^V[0, *"]}^+ {I [0,<^"] -| V[*.0']}* 

The quantities [(/>, 0'], [0, 0''] are readily expressed in symbolical 
functions of the roots; let a, fi, y be the roots of 0(dp) = O, then Uie 
condition for the coexistence of the equations 0(a:)=:O, 0'(cr)=O is 
^'{a).<5f»'(/3),0'(y)=O; and since the coefficient of c*, that is (a/3y)* is 
unity in \<f)y 0], we have 

[*.*'] =^^(«).^'(/3).*'(y). 
similarly f,. ^'-J =^).» .^^1/ 



^(y)=(y-«)(y-/3); 

therefore [^, ^] = -^+{(a_/3) (a_y) (/3-y)}', 

from whence we easily see the cause of the arithmetical failure when 
a, /3, y are real and unequal, and of its success when two of them are 
imaginary. 



cubic surds, the other will be given by the et 

It a 

P •« = - T' 

and the imaginary roots will be pa+ga*, f- 
value, they become — ' ^ ± a •^— 3 » ^ 

when p^ is rational (the coefficient a being 
is rational, and therefore the part of the i 

rational quantity multiplied by v — 3. Now, 
may be formed in which the surd 'part 
is any whatever, if we suppose it irreducible 

"fr cannot be rational, nor, consequently, q , 
rational, for its value is double the real part oi 
a contrary sign ; therefore, though the sum of 
surds cannot be rational the sum of two cubic 
We give an example. 

Let 1 + V"^, I - V^, and —2 be the ro 

then a=:— 2, 5= + 4, — + -^^ 

but since it has been proved that 

it is visible that when the par ts re al and ima 



Q 1 
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BIQUADRATIC EQUATIONS. 

41. The method of Thomas Simpson, an analyst of firsl-rafe genius, 
affords perhaps the most direct and easy solution of the biquadratic 
ever given ; with slight variation it is as follows — 

Given x*-\-ax^'\-bx*-\'CX+d=Oy to find x. 

Add to each side a quadratic function Bjj'+Cj^+D, and let B, C, D 
he so determined that both sides maybe exact squares; then, extracting^ 
the square root, we shall have two quadratic equations to determine the 
four values of x. 

Thus, ^* + oa;«+(6 + B)j?«+(c + C)j?+(ti+D)=Ba?«+Cd?+D. 

The second side will be a complete square of 4BD=C*, . . • (1). 

The first side may be compared with ( x'^+'^x + m J , or 

whence 'B=:2m+['j — b\ C=:am-c, D=m'— d. 
The equation (1) serves to determine m, as it gives 

m being known from this cubic, B, C, D are known by the equations 
above given, and extracting the square root we have 

x*+ ■|^+»/2=±(Vb .ar-fVD), 

which furnishes two quadratic equations for finding tr. 

42. We shall now give Euler s method, previously showing tlie rea- 
son which justifies the assumption for the form of the rooto. 

Let x^-i-aji^i-ba^+cd-i' d=iO. 

Tlje rational part of the root, as has been shown before, must be 

r5 put therefore x := — r + ^» whence 

4 4 

where a'=o — a% b'=c , c'rsd . 

8 ' 2^8' 4 ^ 16 256 

Suppose the roots of this equation are «i, ar,, z^s z^, and that we seek 
another equation of which the roots are the sums of these taken two and 
two ; then, since Zi+z^-i-z^+z^triOt we have 

(21 + 22)=: -(23+24), (2,+ 28)=-(;r,+5r4), Zi + Z^t^l-^Z^-^-Zs). 
Hence, though the required equation would have 6 dimensions, yet 
since there corresponds to each of its roots anpther vvith ^ contrary sign. 
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it must be deficient of any terms involving^ odd powers of the unknown 
quantity, and it may therefore be reduced to half the dimensions ; in 
other words, its 6 roots are the square roots of the roots of a cubic. 
Let 4p, 4g, 4r be the roots of this cubic ; hence 

«i + «8= ± ^"^q 28 + ar4= T^^ 

Add these 'equations together, observing that £i+Zs+ 28+24=0, we 
will find, on dividing by 2, that 

whence «,= Zf (yp — v^— vr ), ' snice Zi + «,= 2yp» 

Such is the reason of the assumption, z fi= jJP'{'»Jq+r^ where jp, ^, 
r are the roots of a cubic equation, viz« :«— 

3/*+Ay"+By+C=0, 
in which^+g+rrs — A ; pg+|7r+^r = B; pgr=— C. 

Squaring the assumed value of z^ we have 

2«+A=2V(p9)+ VOw)+ V(^0 ; 
and again squaring^ 

(2"+A)«-4Bs58V(pgr)(^^+Vg+V^=9V(-C).;r; 

therefore s*+2A»*-8 V^.a+(A'-4B)i=0; 

whence, by comparison with the given equation in t^ 

•^~ a ' 64' 16 4\ 

(he reducing cnbic is therefore 

and since sp , jjq^ vrsp:V'"C^""5'» ^^® products of these surds 

are under the conditfon of having the contrary sign to h\ and the other 
roots are easily found by observmg this condition to^be 

zsaVp — V7— ^r 

zz^i—'Jp^'Jq+wr; 
and since ors:— 74-^1 its four values are^thus completely determined* 

43^ We come now to an interesting examination of the quantities 
influenced by the different stirds In the complete expression for the root 
of Um biquadratie, showing first, \s^^^wn rtficotionSy what they may 
be expecm U> be. 

The form of the root, or iU simptf i| type, is 
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the blank spaces being occupied with the same quantities Q, R, afl^ted 
by the quadratic and cubic roots of unity, in the forms already shown 
in the solution of a cubic. 

What do the quantities P, Q, R signify in connexion with the pro- 
posed biquadratic? by what formula may they be expressed ? 

Let (j) = a?*+aJj"+6a^+<?JP+df. 

And let the equation resulting by the elimination of x between ^=0 
and 0'=O be represented by [0, <^'], that between 0':=:O and ^"=0 by 
[4>\ <^"], and that between <^''=0 and (^"'=0 by [<^", <^'"]. 

If the proposed equation had two equal roots the reducing cubic 
would have two equal roots ; for the roots of the latter squared are 
linear functions of the roots of the former, hence the equation R=0 and 
[0, 0']=O, of the same degree, imply the same condition, and therefore 
R can differ from [</>, </>'] only by a numerical multiplier. 

If the biquadratic had three equal roots, the cubic should have the 
same number of equal roots ; the additional conditions necessary for 
which is, as we have seen, Q=:0 ; and Q, like ^R, is of 6 dimensions. 
. Now an equation can be formed of six dimensions arranged according 
to the powers of 0"(j7)s which shall be equivalent to the equation 
^'(j7)=:0; that is, which shall expi-ess the coexistence of two equal 
roots. Representing this equation by 

{0''(^)}»+A{0"(a?)}*+B0'X*)+C=O, 

it >s evident that the condition C£=:0 will express the coexistence ^of 
three equal roots, and it will be only necessary to calculate this term ; 
we will first show how to form the equation. 

Let ari=rj7„ then 0"(«^O=12jFi«+6aari + 6 ' 

=26 — 6j7i(a?3 4-j'4) 
=26 — 6 (xiXs + x^^. 

Similarly, if j?i= j?,, then <^"(a?i)=26 - 6 (x^Xi+x^x^). 

Lastly, if Xi=X4, then ^"(a:a)=26 -6 (jTiX^-f V«) 5 
and it is easy to see conversely, that if 

{</."(x)-26 + 6 ix,x^+x^x,)}.{^%x')^2b+6 (x.x^+x^,)}. 

{0''(j?)-26+6 ix,x,+x^,)}=0, 

there must exist a pair of equal roots. 

If we now put 0''(a:)=O, we shall express the same condition as by 
making Q=0, and one of the same dimensions, and we can easily verify 
the inference that 

Q=A/ {6-3 ixix^+x^x;)}. {b -3 (XiJ^s+J^i**)}. {6-3 (ariar^+jf^rs)} 

this product is a symmetrical function of the roots, and may therefore 
be expressed by the coefficients of the equation ; we shall represent it by 
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The characters between the brackets express the function from which 
Q is formed ; the vanishing of Q being a condition of their co-existence. 

For the existence of four equal roots the additional condition P=0 
is necessary and sufficient ; P therefore is of the same dimensions and 
expresses the same condition as [0'', <l>"']f when the latter is equated to 
zero; hence P=rA/' [0",0"']. 

Those who may desire to follow on a more extended scale this mode 
of considering the solutions of algebraical equations are referred to a 
separate Memoir which the author has published* on this subject, and 
in which are given all the factors of the constituent parts of the roots of 
equations as far as the 5th degree inclusive. 

44. The roots of the reducing cubic are functions of the roots of the 
proposed biquadratic, and we shall terminate our observations on the 
solution of equations of inferior degrees with the consequences which 
follow from this consideration. 

Let Xiy Xiy JTs, or4, be the four roots of the biquadratic. 
Tliatia, :. x^^:^ ^+jJp+Ajp'^^r. 

Hence 4V/>=2j?i+2j?8+a=Xi+jra— x,— jr^, 
4V9=±2jri+2j?3+a=a:i+j8— Ta-o?* 
4^r = 2ti -f 21^4 + a= J?i + .r^ — or, — ir,. 

Therefore |>— 9=(VP+V9)(Vp— V?) =j(<yi— -a^O (J^j-^e). 

<7-r :=iQq+^r) i»Jq-»Jr) = - (»!— a:,) (a?. -j^O . 

Now the quantity which is under the final square root in the solution 
ofa cubic is — (/i — g)* (p— r)« (^ — r)*, therefore the same quantity in 
the biquadratic is 

- (j-i -*.)• te -^»)' (^i-'^O* (*«-?•»)• ("»8-*4)' ("^s-a?*)'. 

Thus the quantity under the sign of the final square root in the 
second, third, and fourth degrees is the product of the squares of the 
differences of the roots multiplied by constants peculiar to each degree. 

In like manner the quantity Q is in the cubic proportional to 
(2p— 9— r) (2g— jp— r) (2r— p— g) ; it follows therefore that the fac- 
tors of Q in the biquadratic beside a numerical constant are 

t piiil Tram. 1837, Pari I. 
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(Xi - *4) i^% - •Ts) + (a?i - J?,) (*, ^ jrj, 

ivhich a^ee with those found in the preceding article. 
45. The quantity which is under the final square root 

= — — , (a?i - a'O' • (^i - ^b)' . (^i - ^4)' . (J'« — a?,)« (xg - a:*)' (a?«— 0:4)% 

where Xi, Xj, Xs^ J?4 are the roots of the biquadratic, is now to be dis- 
cussed. 

If all the roots are possible, this quantity is obviously negatire, and 
the solution ceases to be arithmetically practicable. 

Suppose two possible, as Xiy x^y and two impossible, as 

[xa=m+n V — 1» a:4=m— n a/— 1. 
Then \x,-x^y (a?i— ir4)*={(m— a)«+w«}«, 

(x.-x^i (ar,-jr4)«=:-4««(af-/3)S 
in which case — -— [^, ^'] is positive. 

Lastly, if a:i=m'+nV-l, x^r^.mf --n' aA-1, ir,= m+n -/--l, 

^4=:m— nV-"l- 
Then (a?i— j?,)"(«8— ^4)'=16n«n'", 

(oTi -J',)3 (T,-a^4)«=iK - w)«+(7^'-7^)•}^ 

and therefore — r-r- [<^, </>'] is here negative. 

The numerical solution is thus confined to the case where two roots, 
and two only, are possible, always excepting the cases of equal roots. 
Several writers have fallen into errors with respeet to the proper 

roots of unity which form the coefficients of vp, v g, vr, in the four 
roots of the biquadratic j the simple rule to avoid error is, *' preserve 

vjp XVp XVr always of a sign contrary to 8c+«(«'— 46),*' for this is 
supposed to be the case in the solution. 

It is easy to show that the method of Thomas Simpson leads to the 
same roots under different forms, and that the reduced cubic has all 
its roots possible when the biquadratic hps only all possible or all ink- 
possible roots. 



ON THE ROOTS OP UNITY- 

Proposition XXI. 

46. Two binomial equations of the form d7*s=l» ^^:?1, the degrees 
«, h of which are prim? to eficb oth^r, have no common root beside 
unity. 
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Fof a and h being prime to each other, two other integers, A and B, 
may always be found such that aA — 6B=! ± 1 ; 
and the equation a?*s=l gives a?"^=l, 

therefore, if a be a root common to both, we get by division a^*^"*^2=l, 
whence a = 1±* = 1 : thus unity is the only root common to the 
equations. , 

Proposition XXTI. 

47. If a be any root of the equation x"'=l, except -unity, and^ any 
number intermediate to 1 and m, the latter being supposed a prime 
number, then a^ shall be a diflTerent root of the same equation for all 
the values of j? between the above limits. 

First a' is a root, for a being a root, we have a"*=l, therefore (a^** 
= P=1. 

Secondly, if/? and q are different numbers less thanm, a** and a' are 
different roots of the equation •r'*=l ; for if not q be the greater num- 
"ber, and a'rra''; therefore a*''''=l, or a is also a root of the equation 
^'"''=1, which is impossible, since g— pis less, and therefore prime 
to m. 

Corollary 1. Hence the m— 1 different quantities a, a", a^, . .a""* 
are roots of the equation a;"*— 1, and therefore with unity they contain 
all its roots, so that the knowledge of any root different from unity is 
sufficient for the formation of all the other roots. 

Corollary 2. Unity is. the only real root of the equation a"*= 1 when 
m is odd, and + 1 and — 1 are the only real roots when even. 

For if a>l, then a, a\ a% &c. go on increasing, and are therefore 
all >1 ; and if a<l, then a, a\ a^ &c. go on decreasing, and must be 
all <1 ; therefore, if a be a real quantity different from unity, whatever 
l)e its sign, we can never have a*"=l, from which the proposition is 
obvious. 

Proposition XXIII. 

48. Every rational function of a (where a is an imaginary root of 
the equation (r"'=l, and m is prime) is reducible to the form 

A4-Ba + Ca*+Da»+ Pa*-». 

For, first, if it contain no function of a as a divisor; that is, if it be 
an integer function of a, then, arranging it according to the powers of 
«, any term involving powers higher than the (m — l)th powers may be 
reduced to those which are lower, since a"*2=:l, o'^+^cso, a"*+'r=o*, 

a""= 1, a*^* = a, &c. ; and then the terms which contain like 

powers being collected will change the form of the function into that 
stated. 

F (a\ "■ 

Secondly, if the ffiven function be of a fractional form, as 7-7-r, where 
T. . (a) 

F and <f) denote integer functions, we can change its form to this equi- 

0(1 ) • 0(a) . 0(a') . 0(a') 0(« ) 

of ivhich is also a symmetrical function of all the roots of the equation 

***^— 1=:0, and is simply numerical as well as 0(1); the expression thus 

i^eceives an integer form, which, as we have seen, is reducible to that 

stated. 
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If the denominator 0(a) is a simple power of a, as a", in which case 
n may be always made less than m, we may multiply both numerator 
and denominator be a"*~", and thus the denominator will become unity. 

Thirdly, if the function contain several fractions, as above, each being 
separately reduced to the integer form, it is clear that the aggpreg^te 
may always be brought to the form given above. 

In addition to these properties it is to be remembered, as before 
mentioned, that the sum of the roots, or of their similar powers, positive 
or negative, is always zero when the index is not divisible by m^ and is 
m when the index is equal to m or a multiple of it. 

Proposition XXIV. 

• 49. The roots of an equation of the form j?'***'— •=! (when a, 6, c 
are different prime numbers) are the terms of the product 

(l + a+a»+ +a-0 (l+/3 + i3« + +1^-') 

(1+y+y* +/-*), &c. 

where a is a root of the equation a;'=:l, 
/3 . . ir*=l, 

y . . ^^"=1, 

&c. 
and all different from unity. 

First, it is clear they are roots of the given equation ; for since 

a"=l, therefore a*^--=l. 
similarly /3"**-"=rl, 

&c. 

Therefore the product of a, /3, y, &c., respectively raised to any powers, 
is obviously a root of the proposed equation. 

Secondly, all the roots after the first, which is unity, difier from it, 
and from each other ; for suppose, if it may be possible, 

a'-./S'.y. . . . rra"*'^'^/' ; then a"-'"'./3"-''.yP-P', ... =1, 

all the indices in which may be supposed positive, as they can easily 
be made so; thus, if 7i — n' be negative, then /3*""' may be put in the 
form /3*"^"'""^ where the index is necessarily positive, since 7i and n' are 
both less than b. 

This being premised, and observing that a'=:l, we should have 

the left member of which is a root of the equation jc^'''"*' = l, and the 
right, of the equation ^= 1 ; now these equations cannot have a common 
root, for a, 6, c, &c. being prime numbers, a must be prime to 6.c. . . . 

Since, then, the'product mentioned in this proposition contains a, b^ 
c . . . . terms, all of them roots of the given equation, and all differing 
from each other, these terms are themselves of necessity all the roots of 
that equation. 

50. Corollary. A similar proof evidently applies if a, 6, c, &c. are 
any powers of prime numbers ; therefore, if the degree of a binomial 
equation be any composite number, as ^, we must decompose it into 

its prime factors fc=:a'\6^.c^ ; and having found all the roots 

of the several equations 

^•"'sl, V*'=l> ^•''^l, &c 
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then by taking every possible product of these roots, one selected from 
each equation, the products thus resulting will be the roots of the 

equation a/*= 1. 

Lagrange, and after him other writers, have supposed that the solu- 
tion cf bhiomial equations with composite indices are always reduced 
to those with prime indices. This is an error; the reduction has not 
yet been effected when the index is the power of a prime number: thus, 

according to Lagrange, if a, being prime, x* =1, take a, a root of the 
equation x*=:l, and )3 a root of the equation y''=^ay and then all the 

terms of the product (l + a + a'+ a"-^ (l + j3 + /3*+ /3""0 

are the roots of the proposed. This is true ; but how is /3 to be found ? 
for since a=^l, the equation y'':=:j^l has for its solution all the diffi- 
culties of the proposed. 

The same thing can be seen easily by the trigonometrical forms of 
the roots of unity : thus, if j?** =1, we have 

where 2t denotes the circumference of a circle of which the radius is 
unity, and m is any number from to a6— 1 inclusive. Now a, 6 being 

prime numbers, the proper fraction — may be decomposed into two 

proper fractions--!- ^, and the above value of x will then by trigono- 
metry be the same as 

x=:lcosf^. SttV V^ sin (?■ . 2ir J 

^cos (|.2t)+ ^/^ sin | . 2v\^ 

the first and second factors of which are respectively roots of the equa- 
tions y"=l, 2*=1, agreeably with the preceding algebraical theory; 

but if a=6, the fraction -r- is undecomposable, except m be a, or a mul- 

tiple of a; in this case only a of the roots are discoverable by the re- 
duced equation «"s=l, the other roots (a)(a— 1) in nuniber remaining 
unknown. This oversight I think it useful to point out, as J am not 
at present aware that any analyst has attempted the algebraical solu- 
tion of binomial equations of which the indices are powers of primes. 



SOLUTION OF BINOMIAL EQUATIONS OF PRIME 

DEGREES. 

51. It will be convenient to mention those properties of prime num- 
bers on which depends the solution of this class of equations. 

If p be a prime number, and a a number prime to p, then a'"*— 1 
will be divisible by p. This theorem was given by Fermat and proved 
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by Euler ; various demonstrations of it are now well known, and may 
be found in nearly every treatise of the theory of numbers. 

The same things supposed, if 9 be a number <p — 1, and if a*— 1 
be divisible by p^ then q is a divisor of p — 1 ; when a is such that no 
numbers of this nature exist, a is called a primitive root of p ; there 
may be several primitive roots of p. 

Thus, if p= 3 a=2. 

• . 9 . * »f Om 

. * I . . Oa %}m 

. . 11 . . 2, 6, 7, 8. 

..13 ..2,6,7,11. 

. ,17 ..3, 5, 6,7, 11, 12, 14. 

..19 ..2, 3, 10, 13,14, ]5. 

. . 23 . . 5, 7, 10, 11, 13, 14, 15, 17, 20, 21. 

..29 ..2,3, 8,10,11,14,15,18,19,21,26,27. 
&c. &c. 

But in general the first number in the table may be taken with advan- 
tage, being either 2 or 3 in so many cases, and is therefore easily found 
by trial. 

If a is a primitive root of p, then every term of the series a, a\ a', a*, 
.... «'"' leave different remainders when divided by p ; for suppose 
that, if possible, a*" and a""' two terms which leave the same remainder, 
then a'^ — a^' is divisible by p, and supposing 7n>»i', we must have 
a*""*"'— 1 divisible by p, the other factor a"*' being prime top. Now, 
if this were the case, a would not be a primitive root, contrary to 
hypothesis. 

Proposition XXV. 

52. If a be an imaginary root of the equation a:''=l, where p is a 
prime number and a a primitive root to p, then all the routs of the 
equation are 

, a, a) a9 a>««««ii . 

For let any term of this series have «"• for its index ; divide a"* by p, 
let the quotient be c, and the remainder r; then, since a*"=q7+''9 

therefore a" rrCa'^y.a'— a*"; and we have seen that, in the series of 
remainders thus arising, r has all integer values from 1 to p — 1, 
inclusive, though not in the order of the natural numbers. The above 
series diCTers only from the following in the arrangement of the term, 

viz. : 1, a, a*, a", a* ^"^9 

which, by the preceding article, are all the roots of the proposed equa- 
4ion. It is easily seen that of is the same as a, 

53. Problem 9. The roots of the equation ^''=1 being (besides unity) 

8 8 4 aP'S * 

the series a, a% a" , a* > a" , « » 

and the roots of the equation ^"^ssl being represented by the series 

1, w, w% a»% ^'\ 

it is required to find the sum of the products of the conespondini^ 
terms in both series. 

Let . Vssa+«.a*+*i^,a^+«F,a*^......+i/-».af'*^ 
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then, first, V'"* Is such a function of the quantities a, a", a" , &c. as 
not to change when a" is put for a ; for let V become Vj, when a" is 

put for a, we rendily see that, since a=w'"**a*^'" , therefore V = wVi; 
whence \p-^=Yi^\ 

And in like manner, if any other two of the same series of quantities 
be put the one for the other, which is equivalent to substituting some 
term of the series for a, then V"' will always remain unaltered. 

Now, in raising V to this power, wherever w receives an index higher 
than p — 2 we may depress it, since (i***~*=l,w'"'*s=ai, &c. ; hence V'~* is 
of the form Ai4-wA2+w*A8+ + w''"*A,,,i, which being a func- 

tion that dues not change when a", a** , &c. are put for a, the com- 
ponent functions Ai, Ag, . . • A^.i must clearly have the same property. 

Suppose Ai, Ag, &c. actually expressed in terms of the roots a^, a'' , 
&c, (and it is clear they may also be expressed in terms of the same 
Toots in a diflTerent order, viz. : a, a*, a**"*) ; let, therefore,. 

Ai=ai + ftia + Cia*+(fia°* PiO^' • 

Put now a" for a ; and since Ai should not change, 

Ai=ai+iia'* + Cia'' + +pia"''"\ 

whence we see, by comparing both, that 6i=Ci, Ci^mdi^ , , , .pi=:6i ; 

hence Ai=:«i+6j (a+ao + a" a"** ) 

where a^ is the term free from a, and bi is the coefficient of any power 
of a below p which we may choose to select, and are therefore known 
numbers. 

Now, since l4-a+a'+ a''"^=:0; this gives 

similarly, A8=aj— 6j, &c. 

hence V*^* is perfectly known^ and from thence Vi. Moreover, since 
p— 1 is a composite number, we may, by decomposing it into its prime 
factors, reduce still lower the roots of unity required in the extraction 
of the value of V. • 

54. Problem 10. To find all the roots of the equation bC^=:l, when 
p is a prime number. 

Let I9 vi^ tiftt i»f99 • . . • •<i»p-i be the roots of the equation ^^£=1, 
and let Ve=:a+ a''+o»' +af + +0^"% 



-« «^ 



* m 

where V^ is manifestly = — 1, and V,, V, arc derived from Vj by 
writing la^ o/s, &c. for d), and the calculation of V^, as in the last prob- 
lem, determines all the others. 
Then by the properties of the roofs of unity alrt sdy msntkmedy we 
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have Vo+Vi+V,+ ' +V^.,=(p-1) a, 

&c. &c. 

Thus all the roots are known. 

If, for exainp1e,Ve apply this method to the equation «v' = l, we 
will find 

4a=-l+V5+^(-15 + 20V-l)+ ^(-15-20^"^). 

The rational part in the roots of an equation of any deitree is th^ 
coefficient of the second term with a changed sign divided by the 
index of the first ; and in the present instance, a, V, a», a\ arc the 

roots of the equation s=a:*+a?*4-a;*4-j?+l =0, and lurcord- 

1 

ingly, — 7 is the rational part of its roots. 

55. This process admits of a simptiBcation, since p — 1 being a 
composite number, if c, 6, be its prime factors, we may take for «i» a 
root of the equation 2*^= I different from unity ; this root will mani- 
festly be common to the equation y^~^=:l, 

\ Then V will be composed of b groups of terms in which the powers 
of (i) will recur in the same order, and which enjoy common properties 
with V ; thus if 

Uo=a +a +a* + +a" , 

Then V becomes Uo+wU, + a»«U8+. . . .w'-'Ue-i. 

V'' will by the same reasoning be a function not changing when Ut 
is changed to U| , Uj to Us , &c., which is precisely the same as 
changing a into a"; this is obvious by inspection of the formulae above 
given for Uo , Ui , &c., and by adding the c values of V thus deduced, 
multiplied respectively by the corresponding cth roots of unity Uo, U„ 
&c., will obviously be found in a manner strictly analogous to that of 
the previous process for finding a, a°, &c. 

Next, to deduce from hence the values of a , a°\ &c., make 

U=: a + idV'' + w'^a-^^H- + i/"' a"^*"*'^*', 

where u/ is a root of the equation vl'szli ; and it is clear by similar 

reasoning that U^ is a function of a , a" , &c., when for a* a* . • • is 
substituted ; U* will then, like V"* in the problem before the last, be 

completely known, and from thence, as in the last problem^ a, a*^ ,&c. 
re readily deduced. 
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Gauss was the first who took advantag^e of the properties of prime 
numbers to make tiie indices of the different roots of unity proceed in 
geometrical progression, and from, that he deduced the solution of 
binomial equations of prime degrees ; the preceding theory, founded on 
the same idea, and remarkable for simplicity and symmetry, is due to 
tiie great analyst, Lagrange. 

The same process is easily extended to the cases where a — 1 has 
several prime factors. 

Example I. Given j^— 1=0. 

Here jUp — 1 =4, therefore, c=:2, 6r=2, and ut as well as u/ is a root 
of the equation y*= 1 (which is common to y=l. The primitive root 
for 5 is also 2 ; we have, therefore, 

V= a + oia* + w'a* + w'a**^ (a being a root of a-*= 1 ) 

Hence, V«=(U««+U4«)+2a;UoU|. 

Now since Uo=a4-a*; Uo*=«' + cr'+2, 

and since Ui=a*+a'*; Ui*=a*+a + 2, 

therefore, Uo»+U,*=4 + a+a*+a'*+«*=3 ; 

and U«Ui=a^+ a + «*+»•= -1 : 

whence, V-=3 — 2a;. 

Put for ui its value — 1, and form the equations for Vo , Vj . 

Hence Vo=a+a'+a*' +«"' =:-l = Uo+U»; 

therefore, 2Uo=-l-i-V5, 2U»=-1-V^' 

Thus, Uo , U|, are found exactly by the steps indicated in the 
general process. 

Now, to deduce the values of a, a' , &c., put as above directed, 

U=of4-w'a' , where w'z=wsz - 1 ; 
then U'^sCa + wV)' =«'+«'' a" +2a;'; 

but ««4-a»=;U,= "^T/^ > 2(u'=-2, 



hence 



U*— —2 — ; therefore, a - «*= ^^ ^ — , 



and a + a*=U,= 

whence a, a\ are known ; and similarly a% a% which differ only in 
the signs of the radicals. i| 
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Example 2. o?^— 1=0. 

Here, p— 1=6, of which the factors are 2 and 3, and the least pri- 
niitive root is 3 ; therefore the roots are of the form 

1, a, a^ «**, a/, «** , a"*, or 1, «, a% ol\ a% a\ a*, obfsenriug 
that «''"*= 1 , when m is integer. 

Take for w a root of the equation ^'=1, and therefore \tJ is a root 
of the equation ^•=1. 

= Uo+<*>U|. 
Now Uo"=(»*+a*+a) + 2(a'+c^+a5), 

therefore Uo«+ U,»= - 1 - 2= - 3 ; 

similarly, UoU|=3-l=2, 

therefore, V*=r— 34-4w; put now —1 for a». 

Hence, Uo+Ui=-l, Uo-U^=V-7, 

2Uo=-l+ ^-"i, 2Ut=-l-V^. 
It remains now to find a, a*, a*, from Uo , Uj ; 

put therefore, U=a-f"'*'V+'*'''<^> • 

then U»=Ax+w'Aa+a/*A3; 

where Ai=a»-f a«+a*+6=Ux+6, 

A,= 3(a*+a"+a)=3Uo, 
A8=3(a«+a» + a*)=3Ui. 

Put now for w' its three values 1, ^ , ^ , and 

d 2 

denote, in particular, the middle one, by w' , and let U© , U/ , U/ be 
the corresponding values of U ; we have 

a-\-Jo^Jir ''^' V= V(U/?)i 

a+ai^a*+ w'a*= VCUj'') , 
whence a, &c. are found by addition. 

Examples for practice : 

^"-1=0, a?^»-l = 0, a;»''-l = 0. 

With respect to the last equation of the seventeenth degree, since 
p — 1=16=2.2.2.2 its solution will depend only on quadratic surds, 
and comparing the real and imaginary parts of the roots with 

2wwr . / — - . 2mw 
cos -^+^-1 sin -yj-7 

where m is any integer below 17, this being the trigonometrical form 
of the roots, it follows that the division of the circumference of a circle 
into 17 equal parts depends only on the solution of quadratic surdn. 
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and therefore maybe eflfected by constructions, such as Euclid has 
gfiven in Iiis fourth book of Elements, for the division of the circum- 
ference into 5 equal parts; when ^=5, then^ — 1=4=2.2 ; this is 
the cause of the practicability of the latter by the right line and circle 
only. 

(56.) On the uniform methods proposed for the solution of equations. 

It is of great advimtage in all branches of analysis to bind together 
isolated methods of solving problems which are at bottom of the same 
nature : the advancement of analysis has been principally thus achieved ; 
classification to the chemist and naturalist generate science ; compre- 
hensive processes are the perfection of analysis. 

Two are here selected of several methods proposed at various times 
for the solution of equations, all of which in reality have much in com- 
mon wilh either that given by Lagrange or that by Bezout, the first 
distinguished by the symmetry of its processes, and the second by the 
facility of its application. 

Lagrange's method {Berlin Memoirs^ 1770, 1). 

Let the roots of the proposed equation, of the 72th degree, be denoted 
by •7i, <ri, Xs . •, ,x^y and let u be one of the imaginary roots of the 
equation y|=l ; lastly, let 

At first sight the number of values of V" appears to be 1 .2.3. . . .rt, 

such being the number of possible permutations of j?i , .Tg , x^ 

among each other, but in general they are reducible, for the changes 
given hy these permutations are the same as if the different powers of 
m by which they are multiplied were permuted inter se. 

Now the simultaneous change of x^ into x^ , x^ into x^ , jTs into x^ , 
ar,_i into j?„, and x^ into Zi evidently changes V into w"""*V; the simul- 
taneous change of j?i into j?8, x^ into x^^ &c. changes V into a)"~*V, anfl 
so on ; consequently, the changes of V" are only 1.2.3. .. . (n — 1) in 
number. 

Let V«= Xo 4- '''Xi +'*'%+ +'*>"-* X„.» ; 

the quantities Xq, Xi, Xj, &c. will evidently have the property of not 
changing when x^ is changed to ^"2 > -^2 to ^%t &c. simultaneously; and 
if we put for tu-the successive roots of unity, V* will take successive 
values which we may represent by Vq*, \* , Vg". ..... . V,_", where 

Vq SS Xi -f" i3?2 T" X^ "7" • • • • -f" Xf^ 

Vi = Xi + wJ'a + «% + ••••+ '^"~* ^«> 

y„_i= Xi -f w*"* Xn + w""* a?8 + . . . *^x^ ; 

whence x^^ x^, . . . . j?„ , will be known when X© , Xj . • .X^^i , are 
known, because these determine V© , Vj . • . . V,_i . 

Vo is evidently the coefficient of the second term of the equation 
with the sign changed ; and if we add these equations after multiplying 
each by that power of unity which is supplementary to ??, in reference 
to that by which any root which we wish to find is actually multiplied 
in these equations, we get 

f2 
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«T3 = Vo + w"-* Vi+ <u-* V, 4- ... . +«*V„_i • 

wj. = Vo+ «V, + a;*V, + + w"-^ V..J . 

In seeking the quantities Vi" , Vt",. . .V..* , we distinguish the cases 
of n heing a prime or a composite number. 

In the first case, suppose these quantities to be roots of the equation 
„»-» -«!?-« H-6i7"-* — &c. =0. 

Then a = V,"+ V," + . . . . +V,.i", 

6 == V,«V,"-l-V,-V3« +. ...+V,_.- V,.;, 
&c. 

the quantities a, 6, &c., by the various permutations of J7| into j;«, &c., 
admit of 1.2.3. . .71 — 2 values ; the determination of the coefficients of 
the reduced equation depend therefore on the solution of an equation 
of this degree, which is higher than the proposed when n is any prime 
number > 3. 

When n is a composite number we can take for to that root of unity 
which is common to ^"=1 and 2''= l,p being a factor of 71 : thus, as iu 

the binomial equations already treated, V will be composed of - groups, 

and so will V", by which each of these groups may be determined as 
before, and then the same process repeated for finding the actual ruotS| 
using those roots of unity given when the other factor of n is the index. 
Of the whole of this general process the preceding solution of binomial 
equations is an example ; a few more will completely illustrate it. 

Example, a:*— Ax+B=0 roots j?i, jt^ 
In this case a; is a root of the equation y*=l and 

V = JTi + 01 J?g 

V« = Xo + oX, 
where Xo = x? + x.J = A* - 2B. 
Xi = 2jr, x, = 2B 
Put for cj its values 1,-1 

V,« = Xo-X, = A,-.4B 
and bv the general formulae for the roots applied here 

2t, = Vo + V, 
2jr« = Vo — Vi 
(In all cases V© = A) : these are the known values of the roots. 

Example 2. j:»-Aj^ + Bj:+C roots x^, x^, Xi, 
Here u> is a root of the equation y»— 1^=0 ' 

V =2 J^i + « <a?8 + «* J^3 

V» = Xo+wXi + «*X8 

Xo = x^ + xf H- x^^ + Qxi x^ X9 

Xi = 3(j?i« J, + Ji* J?8 + X9*x^) 

X, = 3(a/ J?i + x^* Xi + Xi* J,) 

Xi Xg are the roots of a quadratic^equalion (the coefficients of 
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w1i!cli, depending g^enerally on an equation of 1 .2.. ... n— 2 dimen- 
sions, are here rational), this equation is easily formed, since Xi+X, 
and X1X9 are clearly symmetrical functions of the roots. 

Then Vo=:t» + T3 

V| = Xi + or, + w'j'a 

— 1+a/ — 3 
give JPi, J*!, ar„ Vi^ V,% being what V» become when • ~ , 



are successively put for unity. 



2 

(57.) The method for the general solution of equations given by 
Bezont in the old Memoirs of the Institute, applies with uniformity 
and comparative simplicity to several cases, and its processes have 
been greatly improved by Mr. Lubbock in a MS. memoir, which he 
has kindly permitted the author to consult ; the processes of elimina- 
tion between several unknown quantities of the first degree, are com- 
pletely avoided in Mr. Lubbock's method, which is here adopted. 

Let <f)(x)=iO be an equation of n dimensions of which the roots arc 
sought. Moreover, let/(y)=0 be an equation of any given form and 
of n dimensions in y^ and lastly, let <r=F(^) ; the latter function 
ought to contain n coefficients in order that the result of the elimina- 
tion of y betweeny(y)=0 and j?— F(y)=0 may be rendered identical 
with 0(<7), which has 7i coefficients ; hence F(y) must be at least of 
71 — 1 dimensions. 

Now the equation /(y)=:0 being of n dimensions, and chosen at 
pleasure, we may suppose its roots yp y^, ^3 yn to be known quan- 
tities. (See Art. 36.) 

The result of the eh'mination, which will be the same as <^(jc), if we 
suppose the coefficient of x^ in the latter to be unity, is therefore 

{^-F(yO} . {^-F(yO} . {^-F(y.)} {x-F(y„)}=0(x) 



Hence Lo^.{l-5:(j^)+T^g. {1^5:^^^ 



'&' 






in which expression all the logarithms are to be expanded according 
to the descending powers of j*. 

Now let Log. ^- =± A14. 4* +~. &c. ad inf. 

X^ X x^ x^ 

and let FCy,) + F(y,)+F(y,), &c. = S| 
{F(y.)r+{F(yO}«+&c. = S. 
n e JSi . 1 S, ,1 S, , „ \ A, A, A. „ - 

comparing the first n terms we find 

Si=— Ai Si=~2Ai Sg^: — SAs*. . . . S^ss— 7iA„; 
that is, we have n equations between the n unknown coefficients which 
enter the assumed function F(y) ; if the coefficients be thence diMer- 
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ininable, Ihe n values of a: (which are the roots sought for the equation 

^j(x)=0) will be a:=F(y,), J^==Fiyi) jf=F(y„), where the form 

of the function F(y) has been determined by the above process. 

The principal labour iu the application of tiiis method arises in the 
formation of the symmetrical functions denoted above by S^ Sa, Sg, &c. ; 
this will obviously be most abridged when we take the function F(y) 
of the lowest dimensions possible consistent with the number of con- 
stants in <PCx), that is of ii — l dimensions ; if taken of higher dimen- 
sions, some of its terms would remain indeterminate, and we should 
then be at liberty to impose a certain number of additional conditions 
on them; but in the case where /(y)=0 is the binomial equation, y" — 1, 
which is chosen generally on account of the simplicity which it gives 
to the functions S^ Sg, &c. from the properties of the roots of unity 
already demonstrated, such additional terms would be utterly useless, 
since the function of ^ in this case, of whatever degree it maybe, neces- 
sarily sinks to one of (» — 1) dimensions by Prop. XXIIl. For these 
reasons we shall take F(y) to be of (?i— 1) dimensions, and f(y) to 
be y"— 1 in the applications whidi follow. 

Let F(y) =^p+qy+ry*-\-sy^-\'y &c. ; then putting for y the n roots of 
unity in this series, and taking the sum, we find Si=7ip=— Ai, there- 

fore p= -, and it is evident that Ai, which is the first coefficient in 

n 

the expansion of — ;j-, must be the coefficient of the second term in 0(r): 

hence we see, as before, that the rational part of the root of the equation 
0(x)=O is that coefficient with its sign changed and divided by n ; 
we see also that the application of the present method is facilitated by 
previously taking away the second term, for then /?=0, and we have 
only 71 — \ quantities g, r, «, &c. to determine ; but no particular advan- 
tage arises by taking away more than the second term, for such a change 
would not alter the number of unknown quantities, and would but little 
affect the manner in which they are involved. 

Example (1.) ^(j;)=j?'+aa?-|-6=:0 

f(y)=y^ — 1=0 roots -f 1 and —1. 
x=p-\-qy 

{^-(p-9)} 

and comparing with the given form we have 2^;=— a, p*— g'=:6 

therefore p=-- q=:A^(j-^b\ 

whence ^= - | ± \/{j " ^J 

Example (2.) <t>(^)=x^+ax-\'b=0 

/(y)=y8— 1 = 0; roots 1, w, w«. 

j^=qy-\-ry* 

Therefore, 



therefore <^(j')={-r-(p+g)}. 



w 
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-Log. {l+(^- + -J}=- + ^--.- &c. 
therefore iq + ry + (gw+rw*)* + (gw'+rw)' = — 2a 

and observing that l4-(u*4-<«»*=l» l + w^+w'=3, &c. these equations 
become 

'3qr =: — a 

from whence we easily find q and r, as in the ordinary solution. 

With respect to this method, it may be observed that when the equa- 
tion /(^):=:0 is of the binomial form, it no longer essentially differs 
from Lagrange's method, and when it is not of that form, it will not 
generally lead to a solution ; hence its advantage, if any, consists in 
the mode of its application. 

The problem of the algebraic solution of equations in finite surds 
consists in reducing a polynomial to a binomial, or system of binomial 
equations : the last term of the binomial in equations of degrees higher 
than the fourth is a dcmi-symmetrical function of the roots of the pro- 
posed, which circumstance is due to the fact, that the roots of unity to 
a correspond in <>; degree do not enter in a perfectly symmetrical manner 
in the form of all the roots of the proposed equation except in particular 
cases easily foreseen; such as in a 5*^ power we may have 0^1= ^a 

x^:=Hd* l/a + wi//3 in which w is used to represent one of the ima- 
ginary fifth root of unity ; for the perfect symmetry ought to exist not 
only with respect to w, w*, w^, w*, w*, (by the substitution of any of 
which for another in the above formulije we produce another root,) but 
also with respect to the interchange' of a and /3 (which also happens in 
this case) : now as both these properties cannot exist when the roots of 
unity have more than two imaginary roots, except in particular cases 
such as the above, the deficiency of symmetry in the assumed form 
ought necessarily to cause the reducing binomials to be demi«symme- 
trical — such too is the actual form obtained in the Memoirs* before 
quoted. 

Since the general form of all the roots in the case above mentioned 
is included in the equation a^nw^a+w* ^(i^ by merely putting for oi 
all the fifth roots of unity successively, we find by taking the odd 
powers 

^"=(fti»a*-hw«/3^)+3(o/3)^ Cw^a+w*^ft) 
or^-3(a/3)^ a:;= w»a^+wVi3* 
and ^=(a+/5)+&(<^'a*+ w«/3*). (ufiy -\'lO{<oJ+io* fi^) (a/3)* 
=:(a +/3) + 5(a/3)"* {a;»-3(a/3)^» x] +. 10(a/3)» .x 

therefore j?*- 5(a/3)'* .a^+5(a/3)* a?=a+/3 

where we see that the particular root of unity (w) employed disappears, 
because of the symmetry of the roots when only one pair of the ima 
ginary roots of unity enters the formula for the roots ; and the same 

* Transactions of the R. S. 1837. 
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thing 18 general for equations of any degree. Hence equations of the 
form 

are easy resolvable. 

(58.) We can form the more general equation of which the roots 
are J?=a;^a + w»-»V/3, j?=«« V« + «^""*yA J'= w" -!/«+«""• V^, &c. 
(where iu"=l) in a similar manner, this equation will be of n dimen* 
sion^, and if we make yfafi^p we have by Art. 24. Ex. 1. 

n 1. w(n— 3) , „ . ?/(n— 4)(/i — 5) , 

r ^ ^ 1.3 '^ 1.2.3 ^ ^ ^ 

'^ Hence an equation of this form may be solved by putting the last 
term with its sign changed equal to a-\-P, and the coefficient of the 

second term divided by n will give p tir 4/ a/3 : these equations are 
sufficient to determine a and /3, and from thence all the roots of this 
equation are known. 

But according to the method of Art. 57, we may suppose this equa- 
tion to arise from the elimination of uf between the equations 

j?=wya+«"-' V/T and w"-l=0. 

Now we may observe, that by the properties of the roots of unity, 
the sum of any odd power of the different values of x is zero, while in 
any even power the middle terms repeated 71 times will alone remain 
after the addition, all these powers being supposed less than v. Hence 

S,=0 S,=2ii/) 83=0 S,=1^.7;p« S,=0 Se==p~;>'&c. 

which values being substituted in the logarithmic expansion of the last 
quoted article gives (writing unity for 4rin that identity). 

3 4 5 

" T fi ,w(n-3) , w(n-4)(n—5) 

= Log. {1— w;?+-^^-^.p« ^^77273 ./&c.} , 

in which equation either series is supposed to be continued until p is 

raised to the power or ^ — 1 ; but it is clear that the identity 

thus true for this number of terms whatever n may be, would be also 
true were both series continued ud ivjiniium : we thus find that 



t r. . nCn-S) , ?/(m— 4) (71—5) - , . . 



-I 

n 



IS a quantity independent of n. 

In order to determine this quantity, suppose nrs: —1, and it becomes 

, . . ^ • . 5 ^ . . 6.7.8 , ^ 

^+^+2-^+2:3-^+2:3:4-^'*^- 

, 11 11? 11?^ 

=~ L'^p+ 2^2 .(4p)«+ 2' 2' 2 .(4/?)« + 2' 2' 2V2 .(4p)*+ &c.l 
^' ^ 1.2 .1-2.3 1.2.3.4 i 

2P 
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From this result the following remarkable expansions'are easily de- 
duced. 

a4 in/' 

( l4-V(l- 4/>) 1"_ n<n - 3) n(;t-4)( n - 5) ^^ . . 

1 — 2 — 1 -^- "p + -172- -^ — no — •^'^+ *"• 

ad inf. v 

I _ ^1 _4p 8 ,^4.5 ,,5.6.7 _. ^ 

Log- 2^ = P + 5'P+2l-^+0:4'P*+**^- -. 

(59.) Scholium. There are some important trigonometrical series 
which are ultimately connected with the preceding, and upon which 
some obscurity is allowed to remain in most treatises on that subject : 
it will be therefore useful, though somewhat irregular, to consider them 
here ; since simple algebra is sufficient to remove the difficulties which 
surround them. Whatever may be the value of n, we have generally 

, 7i(/i-3) , 7i(w-4)(w--5) 3 

+p"+w/?"+* + — Y^ — .p ^ + TITq . />^: + &c. ad uif. 

where the general term of the first series is 

w(7i-m— 1) (/i-m~2). . ..(w — 2m4-l) , 

1 2 3 m ^ ^^ 

therefore when w is a positive integer the coefficient of ( — /?)*" will be 

z6ro as long as m is between n— 1 and °''' H + ^ inclusive, 

namely, — — when n is odd, and -+1 whenn is even; these vanish- 
ing terms occur for any integer value of n which is greater than 2 : 
thus if 7t=3 or 4 there is only one vanishing term ; if n=5 or 6 there 
are two such terms, and so on. Hence the number of terms of the 

71*4- 1 n 
first series which precede the %'anishing terms is — — or ~ + 1 and 

the succeeding terms do not again re-appear until m becomes equal to 
or greater than v. The successive terms which then emerge are ex- 
actly equal to the first, second, third, &c. terms of the second series 
taken with a contrary sign. 
Thus the coefficient of 

p« — ^'^^'""^ -0*-^) c_]y^(-n««-»=:«i 

^ 1.2.3 n ^ ' ' 

the coefficient of , 

«•+! == n.-^.-Z -(n-fl) +,_ (-1)'"+* . w=-7i' 

^ 1.2. 3 (/t+1) "< ' ^ ' 
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the coefficient of 

^ 1.2. 3 (/i+2) ^ ^ . * 1.2 

__ W.71 + 3 

-"1.2 
&c. &c. 

therefore the terms of the first series which emerge, afler the vanishing 
terms, are destroyed by the addition of the terms of the second series : 
hence in the case of 7i beings a positive integer we have 



con- 



tinned only for — — terms when n is odd, or - + 1 terms when n is 

even. 

There is another case in which the series is terminating, namely, 
when 71 is a negative integer, for then the second series contains va- 
nishing terms, and those which succeed them are destroyed by the first 
series. 

But when n is not an integer, it is obvious that none of the coeffi- 
cients in either series can vanish, neither can the terms of the second 
series destroy by addition any terms of the first, since none of the in- 
dices of j9 in the second are then integer, and all the indices in the first 
are such; we can however introduce the terms of the second in alter- 
nate places amongst the first in the order of the increasing magnitude 
of the indices of /?, and the infinite series thus resulting will be the true 

value of the expansion in this case: thus, let n=- then 

^{i±4lzl.)},^{I^l-_M} 

1.2' 1.2* 

=V{l + %' } * result which is obviously true. 

Having thus obtained clear notions on the algebraical expansion of 
the sum of the n^^ powers of the roots of the equation j?*— a?+p=:0, we 
may deduce the trigonometrical series for the cosine of the multiple arc 
in terms of the powers of the cosine of the simple arc in the followingr- 
manner : — 

Let p =:— — - — in the preceding equation, of which'the roots will 
4co5* 6 MT o ^ 

cosd + J --l sinO . cose — J ^l sin , 

then be r-^ — and the sum of the 

2co8d 2 cos 6 

powers of which is -rr -r^ by Demoivre's theorem, and substi- 

'^ , (2co8ey 



THK .THEORY OF EQUATIONS. 75 

luting in the series above given for the expansion of \ — ^^— ^ f 

+ ] ^ ^ f I and then multiplying both sides by (2 cos ey we 

find 

2 cos 71$ =: (2 cos eT - n(2 cos e)—* + ["^ (2 cos e)"'*— &c. 

J. • ^ 

+ (2 C05 0)-" +w(2co»0)-"-* + ^^^^l\^^ (2 COS0)-"-' + &c. 

w + 1 
where if n be a positive or negative integer we are to take only — — • 

71 

or rt + 1 terms, of the upper series for the positive value, and of 

the lower for the negative, inasmuch as all the other terms of either 
must vanish, or mutually strike out; but when n is not integer, the 
whole of both series must be retained, but then these series are di- 
vergent for real values of 0. 

The other expansions for the trigonometrical functions of multiple 
arcs being deduced from that which represents the cosine, it will be 
unnecessary to follow them up in this place, having deduced the fun- 
damental-theorem applicable to every case, from algebraical principles. 

For practice the reader may take also the cases of 4p =] . ^ and 

Sitiv u 

4p=:sin*(2d). 

(60.) In general, if the monomials of the form assumed for the roots 
of an equation are not transmutable both with respect to the quantities 
under the surd signs, and with respect to the roots of unity employed, 
these surds, on the inverse consideration, are not symmetrical functions of 
the roots, and cannot therefore be expressed by the coefficients of the equa- 
tion ; this in all cases is necessarily the criterion of the algebraic solu- 
bility of equations. The form of expression for those which are reducible 
to classes of a given form will be facilitated by expansions obtained in 
that particular form ; for instance, the solutions commonly sought are 
equivalent to the reduction of the equation to the sums of the roots of 
equations of the form 3/"= «, y"=a', y*=c/', &c., but any other sum 
may, as far as analysis is concerned, be as legitimately adopted ; for 
instance, the form may be the factorial y(y— A) (y — 2/0 (y — 3A). . . . 

(y—n—l,h) =a; instead then of arranging the left hand member of 
equations in powers, we should arrange it in functions of the same 
nature with those of which the inverses are granted to be known ; such 
is the true generalization of the problem of algebraic equations *, in 
symbols it may be represented thus : to reduce the solution of the equa- 
tion aFixfi) + bFix,l) + cF{x,2) + pF(x,n) = 0, (that is the 

discovery of the simple relation of F(aril) and F(j?iO) ) to the conceded 
solution of the equation aF(^xfl) + j3F(pCin) = ; in the case of fac- 
torial equations the following theorem will be useful. 

Theorem. Let us denote the product j?(a;— A) (x — 2/t) (x — Sh) .... 
(«p— (n — 1).A) of n factors in arithmetical progression [a;]", then shall 



76 THK THEORY OF EQUATIONS. 

a theorem analogous to the binomial and identical with it when A=0. 

For let z represent any arbitrary quantity, then by the binomial 
theorem we have 

(1+2) _l+^.2+^_^^.2 + 1.2.3.^1. .< +&C. 

or adopting the notation susfgested above for factorials 

a,.,f=,...^.L^.(£)VL|-I.(|)V,....+*.. 

Similarly 

„+.>^=,,,£_M-.(0%Ly\(£)v...*. 

Now if the two series are multiplied together, the coefficient of 



(0 



- j in the product is evidently 

^ { W + n M-* . y + ^^-^^ . [^r '.y + &o. 



However, since that product is the same as (1 + «) ^ it may in like 
manner be represented by the series 

where the coefficient of the same power ( t I is ^ — - — ^^ ; the 

equating this expression with that before obtained gives the identify 
announced in the theorem. 

Example. Let [j:^ ■{■ax^^b, or ^(.r— yi) + aT=ft 
add to each side 1 — I then 



or 






[-i]"--m" 



where I "^ "^ o I ^^"^t^s the same as (•^ + 5) ('^^'5 — ^)» 

such in this case is the simple equation to which the proposed qua* 
d ratio is reducible. 

Thus it will be seen that the solution of equations in the algebraical 
sense only consists in reducing them to binomials of a particular form, 
and that form has the advantage which contains only pure powers of 
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the unknown quantity ; but the question admits of extension to any 
form of function iii which x may be regularly involved. 

(61*) The early analysts (more particularly Tchirnhausen) have 
been much occupied with methods for taking away the coefficients of 
equations, and the same track has been pursued recently by Mr. Jer- 
rard in his ^* Researches," with a power of notation much called for 
ill the complicated involutions of the higher degrees, and most cre- 
ditable to the inventor : but towards the solution of equations by the 
reduction of polynomial to binomial equations — these or any other 
proposed metliods cannot advance nearer than the general methods of 
Bezout {Memoires de VAcad, des Sciences^ 1765). Nevertheless an 
extended and close examination of the propertiesof what maybe called 
conjugate equations, that is, those mutually reducible, or having ana- 
logous relations to the aual)tical reduced equation, would have more 
value than as merely speculations. Like the properties of elliptic 
functions, which, though not reducible to circular or logarithmic, have 
reducible differences, and have most useful applications in the pure 
and physical mathematics : so further researches into the surd tran- 
scendants, which constitute the roots of equations of the higher degrees, 
may not improbably remove some of tlie existing difficulties in differ- 
ential equations, and this surmise is only introduced to show that those 
who have reaped less fruit from this class of researches than they have 
bestowed labour, ought to turn their attention to extract valuable 
results, though different from the object for which they originally 
started. The reader who will consult a Memoir presented by the Au- 
thor to the Royal Society, on the analysis of the roots of equations, 
will see that many beautiful properties are couched in the surd ex- 
pression alone of the roots. 

(62.) On the Solution of Equations by Series. 

The method for obtaining series for the roots of equations contained 
in this article is taken from a Memoir communicated by the Author 
to the Cambridge Philosophical Society, and may be found by referring 
to the fourth volume of the Transactions of that body. 

Let the given equation be arranged according to the powers of the 
unknown quantity t, and by division make the coefficient of the firat 
power of X to be unity. 

Divide then the equation by x, and take the Naperian logarithm of 
the quotient of its left member by the known formula 

2* 2* 2* 

Log. (1 + 2) = 2 - y +— -— + &C. 

Take the coefficient of -.in this series, seeking what it is in each 

term ; this with its sign changed will be a root of the equation. 
For let the equation be ^(jr)=0, and its roots or, /3, y, &c., then 

^(a:)=A(j?— «) (J^— /3) (x-y) ( &c. 

where A is indei>endent of i*. 

Hence 0(jr) - A'(x-«) (l - -j) H - — Y . ^ 

where A' = A. (-/3)(-y) 

,v„r.„.t^ = A.(i.-:)(i-i)(.-f) .V 
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>nd Log. 5^ = Log. A'+Log. A - -J-^ + Log. M - -~^ 

+ Log. (l j+ 

The only term in the right hand member which contains uegrative 
powers of x is manifestly 

The coefficient of - therefore in Loff. ^ — is — a, which with a^ 

changed sign is a root of the equation. 

(Example 1.) Given x^+ax+b=^0 to find a root «. 

Here 5!lili = a+a:+f: 
a: X 

Log. I j =rLog. (a) + Log. (1+2) where z=: -(x-\ — j 

1 z* z° 2* 

Hence — or = coefficient of — in 2 — -- H \- -r &c. 

X 2 3 4 

Now the coefficient of — in 2 =— 

X a 



in 


2^ = 




in 


^5-. 






&c. : 


= &c. 



and no term involving - appears in the even powers of z. 

X 

Hence »=— { h — ^H --f- — -+ — - + &c. ) 

\a or or a^ a^ J 

We can easily obtain, if w^ desire it, the general term of ihe series ; 

X •\- -\ 

/- m • * r ^ • _^^ (2n-l)(2n-2)....(«+2) 6-+» 

Coefficient of - m - — —7 = ' . ^ " . 

X 271+1 2.3 4 n o^^\ 

mu i^ . *' 4 6« 6.5 />* 8.7.6 6* ^ N 

Thus.= .|- + -5 + -. ~. + 2^. -r+2X4-T- + *^; 

We may observe that one root found by the surd solution is 

:• = - 1 +f (' -■?)* 
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ail 46 1.1 /46Y . 1.1.3 /46Y, ^ 1 

which expression is obviously identical with that above obtained. 
Let S, be the ntb term of either series, it is evident that 

_ _ 2n{2n^l) (2/t— 2) (yi+ 2) b"^' 

" ■" 2 . 3 . 4 .... /I • a^^' 



and 



_, _ (2n-2)( 2n -8) (71 +1) 



2 . 3 4 ... 71 — 1 a 



8n-l 



.u ^ d 2w(27i-l) 6 ^ 

therefore S, = -r- — . —r .S,.. 

(71+1). 71 a* 

, 1 



2/i 46 



- 1 • a« "* 
l+- 

71 

When 71 is sufficiently great, if 46>a' S, will be >S»_i and there- 
fore the series must in such case become divergent as the roots of the 
equation become imaginary. 

Before leaving this example, we shall examine' which root of the 
equation the series gives when convergent ; let », j3, be the two roots, 

a + /3=— a a/3 = 6 hence 

Root = -^+ ;r-^+ J-riKi + &C. 

«+P {a + fiy («+/5) 
Let a be the least, then 

beca\ise the series between brackets being convergent, we may regard 
it as strictly true when continued ad inf. 

hence if we add, all the terms mutually destroy except the first, and 
therefore the series represents strictly the least root. 

This series is therefore a discontinuous function of 0r,/3 : being rational, 
it can only represent one of them at a time, though both are analyti- 
cally involved in the same manner. If we suppose one of them, as a, 
to be variable, and the second, /3, to be constant, the variable will be 
truly represented by the series, when it is less than the constant, and 
the constant afterwards will be represented. For further information 
on this subject, consult a Memoir by the Author, in Vol. IV., Camb. 
Trans., with the title, * First Memoir on the Inverse Method of 
Definite Integrals.* 

If the proposed equation 0(j')=O contains no term involving the 
first power ofsf^ we may put x=:z+hf and seek z by the same method, 
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or write the equation in the form :r4-0(x) — j?r=0 and expand tlie 

f (t>(x)—x\ 1 

Logr. \i A — ^ f and take the coefficient of — • 

Example ('i). Given jL^'+ax+b^O 



Here .^-^^=1+ — (6+^*)=l + 



ojc at ax 

suppose. Therefore 

Root = coefficient of — in — Loff. (1 -| — j 

X ^ ax J 



• • 



2,1 2* 1 S^ . 



that is, we must take the absohite term in ^, the coefficient of 

a 

X in -r- . -T , the coefficient of a* in — - . — r- &c. 
2 a* 3 a^ 

Now since z^b-\-x* it is clear that the only powers of x which 

enter z^ s^, z^y &c., are the nth, 2/tth, &c. ; hence, besides the absohite 

z 1 z*^^ 

term in — -, we have the coefficient of j?" in ( — 1)"+* • • . ^^--r: 

1 ;?*""^* 

of J?*" in — ^ . , . , ., &c. ; these are easily found, and collecting 

2rt+l «*"+' ' ^ » 3 

them, we obtain 

_ __h^ y^ 2n fc'"-* _ 8/i(3/i— 1)6»*-« _^ 

*"" a (— a)»+» 2.a*-+» 2.3(-tt)*^~ ' 

which includes the former example when 7i=2. 

Example (3). To find a a root of the equation a:=:s" 
We have here ^(jr)=:j: — fi" 

1 ^*\ 
therefore, » = co.ffic ent of — in — Log. (1 j 

J? X J 

€ bein<|^ tlie base of Naperian logarithms. 

1 [b" 1 f*"* s*°* \ 

Hence a = coefficient of - in < h - . -t-+ . — &c I 

J? I J? 2 j:* . Sx^ J 

Expand the exponential functions by the formula. 

Whence «=l+- + ^-^+_3-+ &c. 

a series of which we shall examine the divergence or convergence. 
Represent the nth term by jv., we have 

'• 1.2.3...(/i— l).n . '*^*"" 1.2.8,..n.(«+l) 
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= ('I±iy . a = 4,f ^^ Y . a < C±±l)' a 
\ n / n + l\ 71 / \ ^ J 

^""^ C^J =1 + 1+ -2- + iT§ + **^- 

therefore s^+i < £a«, ; hence the series is convergent when f a < ], 

or when a < -. We may observe that wlien a 2=: - then both the 

given equation a: — g** = 0, and the derived 1 — « g" = have a 
common root, viz., x = 5, therefore tlie given equation has then two 
equal root:$. 

Prom thence also it follows that if ^ < - then 

. . • (ad inf.) 
a, 6 
a,s 

' = ' + 172 + 1X3+1:2X4+ ^''^ 

Again, if we put a = -, we find the left member of this equation to 

be merely f ; which is obvious, by supposing the series of inrlices to 
terminate at any distance, however remote. 

' Hence 1 = 1 + ^. + _-»L_ + ^-^±^^ + . &c. 

Example 4. To find the value of x, when xrs c fe"" 
By the same rule we have for the required root, 

a = coefficient of - ia — Loff. (1 . 6"^ j 

a? \ X y 

c n 1 c* « « 1 c* „ « 

= '"-,^+2-7.-^^'+3-^-^'"'*«- 

Now these exponentials contain only such powers of x as are mul- 
tiples of 7t; and therefore the terms of this series, which contain - 

X 

are the first, (n + l)tli, C2n + l)th, &c., that is, 
a =: coefficient of 

XX 7i+l *^ 2/i + l **•+* 

= c+flc"^'+^^'aV''+*+ ^^'^+P' aV"-^', &c. (2(*«+^>'« &c. 

Corollary. Put c=l, j!=g, therefore s=6°-'*, hence a=s~' 

.V r 1 Ij- 1 j^2«+l 1 , (3»H-1)* I , 
therefore 1= -+ -;;^ + — g— . ^-^7. + ^^-3- . -^, &c. 



• 
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or putting 

2 2 2* 2.3 2* 

Ex. 5. Let<r''=a'; hence^it is required to expand a according to 
the powers of — Log. a, 

^ » Lost, a . «». 

Result. Let — ^— = A. Then 

a 

, 2A . (3A)« . (4A)« ^ ' 

2 2.3 2.3.4 

This theorem is capable of a remarkable extension, as follows : — 

Let/(j7), /'(^)» f"(j^)i &c., represent any function and its succes* 
sive derived functions, and k any arbitrary quantity ; then 

f"ix--^), &c. 

There are some particularities to be remarked in the application of this 
theorem, for which 1 must refer to a memoir on the * Theory of Ana- 
lytical Operations,' prepared for the Royal Society by the Author. 

(63.) To find the sum of m roots of an equation. 

Let 4i {x) = 0, as before, be resolved into factors ; that is, 

0(jc) = A(j?-«j)(a?— ««)(j?-of8).. .(j?-a«)(j?-a„+i)....(j?— flf,); 

• ■ 

(Jf - Of,), 

when A and A' are independent of .r. 

Then Log. ^r=: Log. A'+Log. (l--VLog.(l--^+. ... 

CD X J . X J 

Log. (I -^ j+Log. (a?— a„.+i)+Log. (j?— »,„+0+- • • • 
Log. (^-of,)» 
Expand the Logarithms, and take the coefficient of — at both sides. 

X 

Hence ofi4-«g+»»+» • • • +«m = coefficient of — in — Log. ■ . 

X ^ x^ 

Example L To find the sum of two roots of the equation 

a^-^ax-i-b = 0. 

The required sum is the coefficient of— in —Log. ( l-l — H — J, that 

X \ X afi/ 

is, — a, which we know by other considerations. 

Example 2. To find the sum of 7i— I roots of the equation 

ri\e required sum is the coefficient of - in —Log. ( ^+a+-;^ ],or the 

^4 \ or / • 



r — 



same 
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it is obvious that the quantity - appears only in the (72— 1)^ and sue- 

1 

ceedin^ terms. This sum is therefore the coefficient of - in the fol- 

lowing series, viz. 

f 1 b y-^ (—1)" b v»-* 1" 

Its value therefore is — 

b 2/1-2 6' (3 n- 2) (3/1-3) 6^ 

(-«)"-^ g^C-a)*"-^"^ 2.3 *(-a)9«-' ' 

When a:=2we get the root of the quadratic before found. When a?=3 

6 2 6* 7 6® 
it gives -^ &c. as the sum of two roots of the cubic a?^ 

+ a j?*+6=:0 ; and therefore the third root is — a — -— -1 r+&c. 

^ €B^ Or cr 

By this theorem we can find all the roots of the equation 0(a:)=O ; 
for we have only to subtract the sum of m — 1 roots from that of w to 
find the mth. The reader must refer to the Memoirs already men- 
tioned to see that this method gives the m (numerically) least roots, 
not considering the sign. 

Example 3. jy'^rig*". 

1 ' ' ff°'\ 

Here the required sum is the coefficient of- in —Log. (1 — - ), the 

value of which, it is easily seen, is — 

g*"-^ (2g)^-^ (3a)« "--^ 

1.2...(m-l)"^1.2...(2m— l)"*'l.2...(3w-l)' ^' 
The sum of m-1 roots is got by putting the equation under the form 

and repeating this process. 

(64.) To find any given rational and integer function of a root of an 
algebraical equation. 

Let (j)=0 be the proposed equation, of which suppose the roots 
to be CK, /3, y, &c. ; then, C denoting a quantity independent of x^ we 
must have — 

(j?)=C (or— «) (i?-/3) (i?-r) 

„a*^=c.<.-^)(.-i)<>-i) 

therefore Log. — ^^^ = Log. C'-hLog. (1— -VLog. (1— |Y 

/1 ,1,1 \ ^(\ \ \ . \ 

— &c. &c. ; 

G 2 



84 THE THEORY OF EQUATIONS. 

ill which expansion it is visible that the negative powers of .r are multi- 

1 ft* 
plied by the ixwiiive powers of «, and the multiplier of -- is ; in 

1 

other words, »" is the coefficient of - in the expansion of the function 

. -nj?""' Log. ; and, making an accented quantity represent the 

derived function of that quantity relative to J*, we find a"r--coefRcient 

of- in - (ar»y Log. ■^-^. 
J? Jf 

Hence, \^f(oc) be any function consisting of the positive and integer 
jwwers of a, excluding the absolute term, it follows that 

/(a) = coefficient of -in —/'(or) Log. ; 

for this is only to take ii successively equal to 1, 2, 3, &c., in the for- 
mula above found, and, multiplying by the proper coefficients in the 
expansion of/(x), to add together the results. 

Example 1. What series represents the square of the least root of 
the equation X'-^-ax+bz^O? 

The given function being x*, the derived function is 2Xy and there- 
fore a* = coefficient of - in — 2j?Log. "jlH — (x'\ — jj; that is, in 

--2x]-{ 07+- )—-— /ar+- I +;r^( '^+- ) -&c.h hence, in the de- 
{a\ x) 2a\ x) 3a\ xj J ^ 

1' * 

velopment between the brackets we must take the coefficient of — , in 

the second, fourth, sixth, &c. terms, and multiply their sum by — 2. 
We thus find the required series to be 

ft« . 25» 5!.* 



a* «• a 



1 ^ 

For the coefficient of -^, in the (2/i)th term of the above-written series, 

X 

. ' fc«+» 2;/(2;i-l) (//) 

is — 



2/m 



-. — r-^ Tl — > ^"^ therefore the corresponding term 



. . . ' . . 26"+» (/0(n+l)....( 2M-.l) 

of the required series is — r-. -—- . 

* or 2.3 71+1 

Example 2. To find the value of a;" in the equation a^rrcs"'. 

/ ee*\ €6"' -C*S*" C^6*«l 

Since — Log. ( 1 ^ J= f-J — 5- + ^ — r + ^^-j therefore we 

\ X J X X X 

must select in this case the coefficient of- from the terms of the series 

jl CV" 1 c"+*£<"+^>*" 1 c'+*5^"+*^"» 1 

lit 0? « + l A-* /1 + 2 A® ' i . 
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which is easily found to be 

If, instead of dividing ^(jc) by x, we divide by «"*, it is plain that 
the same method shows that the sum of one and the same function of m 

of roots is found by subtracting the coefficient of - in the expansion of 

/'(x)Log:.^from<(0). 

By subtracting the sum so found for m roots from that corresponding 
to m+ 1 roots, we may obtain successively the given function of each 
root of tlie equation. 

When this function is not developable in positive integer powers of 
J*, we may apply the same method by making jr=Ar+2, leaving k arbi- 
trary, and considering the transformed equation as one in which z is 
the unknown quantity. 

We must have recourse to the same expedient when there is no term 
in the proposed equation with the same exponent as that power of x 
by which we are to divide ; for the logarithmic expansion in x then 
fails. 

(65.) Problem. If ^(y) represent any given function of f/, it is re- 
quired to expand according to the powers of k any other given rational 
and entire function of y, as f(y), y being connected with k by the 
equation 

y=a+A:</>(y). 

Put y=j:+«, and this equation becomes 

and we are to find the expansion of/(y), or f{a-{-a:). 
The principles explained in the preceding articles give 

1 S k \ 

f(y) — /(«)=:coefficient of - in -fCa+x) Log. < 1 (f)(a-\-jr) >, 

where /(«) is subtracted, being the absolute term. 

Let ViC^) ^^ P"^ ^o"* abridgment for /(fl).0(a), Y^2(ff) for 

/(a). (0a)', &c., hence/(y) =/(«) + the coefficient of - in the following 

series, viz. 

{k k^ I ^' 1 

and, expanding the functions by the general formula 
we find 

/(y)=/(«)+*V.(«)+Y{^«(«)J'+^-iV'.(«)}".&c. 

Corollary. When /[y)=y, then /'(«) = !, and Y'i(«)=0(«). fM 
={0(a)}', &Ct and therefore 

y=a+*0(«)+y. {(0(rt)'}'+ 27^-{(^«)n". &<^- 
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These theorems are due to Lagrange, but were obtained by him 
from the calculus of derived functions. 

For other similar but more extensive theorems, as comprehending 
several roots of the equation, it will be here sufQcient to refer to the 
Memoir, already mentioned, on the solution of algebraical equations, 
in the Cambridge Philosophical Transactions. 

A remarkable inference relative to seiies of the above form is that, if 
we multiply two of them, the product will be of a similar form ; and so 
will the quotient when one of them is divided by the other, the funda- 
mental equation y=a+A0(y) being common to all. For, if F(y) be 
another function of y, and n(y)=/(3/).F(y), we have simultaneously 

/(y)=y):«) +¥'(«) . Ho-) + 2^ •{/(«) • c^)'}' 

F(y)=F(o)+ftF(a).^(a)+il.{F'(a).(0«)«}' 
+ 2^{F'(«).(<|>o)«}" + &c. 

n(y)=n(o)+A:n'(ffl).*(a) + ^.{n'(«).(0o)«} 

+ 2^.{n'(«)(0«)?}"+&c. 

The third series is therefore the product of the first and second, and 
the second is the quotient of the first divided by the third. This pro- 
perty may be easily verified by actual multiplication. 

(66.) Problem XII. To find the sum of the inverse 7zth powers of the 
roots of the equation a?=a+A<{>(a:). 

Let ce, /), y, &c. be the roots of the equation ; then, C denoting a 
quantity independent of x, and ^(.r) being supposed rational and inte- 
ger, we have 

a — jF+A0(a?)=:C(a?— a)(j:-/5)(j? — y). . . . 

and Log, (a-ir) + Log.|l + -^^|=Log. C'+Log.ri--j 

+ Log.fl-^j+ 

where C':^C(-«)(-i3)(-y). . . . 

Now Log.(l-^)+Log.(l-0+. .. . =-^(l+i+^ + . .. .) 






Therefore — T+-rrH — 1 + . ... is the coeflScient of aJ" in the expansion 

(K p y" 
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of — wLoff. 



,(,_f)_,i^.{,^»^^)) 



1 Tih ■ Tkh* 
=r—-— coefficient of Jf* in 0(*)+;r? zS4>^y 

Let 0(j?)=Ao+AiJ?+Ata?«+ A8a?*4-. . . +A,j?"+&c. ; 

1 1 J? J?" ar® ■^* o 

then, since =-H — 5^ — g-l — -+. . • +'-irfI+*^ » 

therefore the coefficient of a:" in -^= — tt+ --l+~r^. + ' 

a- a; a"+* a" a""^ 



provided we admit none but negative powers of a. 



Let/(«)=^. the" f(«)=-^. 



Hence the coefficient of a;" in — !t-^=A/' (a),</> (a) under the re- 



striction above mentioned. 



For the same reason, the coefficient of of in 

-4^*=AV'(«)(^(«))' 

Cb "^ X 

and taking the derived functions relative to a, we have the coefficient 

of J?" in ■ ■ 8 = h^lf («) . (0a)* K recollecting thai only negative 
{a—x) I J 

powers of a are retained. 
Write ((j) W)^ for (0a?)*, and take the derived functions relative to «, 

hence the coefficient of a?" m . ^^J = - {f (a) . (0a)« >" and so 

(^a — X) » i i 

on for the remaining terms. 

Substituting these values in the expression for the sum of the inverse 
71** powers of the roots, we find for the sum required, the expression 

/(«)+A/'(fl).0(a) + ^^{fXa).(^<l>a)j'+^^.[f 

when all but negative powers of a are excluded. 

1 n 1 

Corollary. Let S„=— +'-^+— ^+> &c. 

_ 1 1 1 . ^ 

then if » be the least 'of the real quantities a, jS, ?» &c., «" S„ and 
a""*^" S„+^ converge to unity as n increases indefinitely, and therefore 

in the same circumstances -5 — converges towards «"•. 
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Putting now — =/ (a) -;^^ =F(a),'we have 

OC CI 

S. = / (a) + hf («) ^ (a) + A' {/' (a) (^ a)' }' + &c. 

S.+„ = F (a) + A F (a) .^ (a) + y{ F' (a) .(0 a)'}' + &c. 

both series being continued to infinity when n is infipite, and wc have 
seen that the quotient of one such series divided by another must pro- 

duce a third of the same form, hence if ' ^ . ; ■ = Y' (a) = a*", we have 

F(a) 

cT := 4^^ff>ia) + hf' (a). 0(a) + ^(f' («) (<{>«)*)'&«•. «^ »"/• 



This accords with the result found immediately by the logarithmic rule 
for finding the w'^power of the least root, and demonsliates the property 
of such a scries giving the least, when it gives a real root. 

Example. To find the sum of the inverse 7i'* powers of the roots of 
the equation x*— «a7 + /? s= 0, 

P 1 . 

Let ^ rz a\ then x = a + A (jiO ; hzn —^ d} (jr) =i jr: and 

8 8 

fia^-a-"* , hence /' (a) <^(a) = - na'"'f (a) ; (0 «)» =— 7ia»-*&c., 
whence 

S.=/(«) + A/'(a)0(a)+-|'{/'(«)(<^«)'}'+4V'(a)-W«)'}"&c. 

= a--nha -" + "LS^ J^^a'-'-'t^niL^Sllr^ .h'a'-'+&c. 

to be terminated when the index of a is reduced to— 1. 

Replace now the values of a, h given by the equation, therefore 

the same result which would be obtained by taking the coeflicient of 



JC" 



in Log, (1 ^ T" )' ^"^^ ^^^^^ multiplying by — v. 



(67.) Many instructive theorems may be obtained by applying the 
logarithmic method of solving equations. These will easily suggest 
themselves to the reader who has made himself familiar with the 
method. We give one example. 

To find a series arranged according to the powers of A, of which the 
logarithm is the same series multiplied by h. 

Let the sum of the series sought be represented by x, the conditions 
of the question require that Log. (t) = hx. 

Now in this, and many other examples, a previous transformation 
greatly facilitates the oppiication of the rule for fin<ling the root. In 
this instance make each member of the equation the index of an expo- 
nential, of which the base is f ; that is, that of the Naperian system of 
logarithms, the transformed equation is « = ff*', the root of which is 
the coefficient of 
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(f**\ g*' 1 g"" 1 ga'k* 

l--)i tbat5s,in-+-.-^+-.-5&c.; 

and if we expand each exponential in this serieS| the coefficient of 
_ is readily found, viz.. 1 + - + ^-^ + j-^-_ + &e. 

Now, the property imposed on this series by the conditions of t!ie 
question is, 

i. . » 3A« 4Vi» ^ ) , f, , 3h* 4Vt« „ 1 

Suppose h+k to be put for A, then j*, whicfi is a function of A, is 
changed to x +r A + J^^r-z + &c., where j/ j;" &c. represent the 

derived functions of j? relative to h ; thus 

, , . „^ 4*A* 5W ^ 

a?' = 1 + 3A H H &c. ; 

^ ^ 1.2^ 1.2.3 ' 

the above identity being general will remain when A-f ^is put for h ; 
that is. 

Log. I j: + x'k + ^" j~ + &c. j = (/* + ^)|x + x^k+ ar"-^&c.| 

from which subtract the original identity, member by member, viz., 

Log. X = hXf 
hence, 

Log.jl -h —.A: + 2^-^'*&C[ = (J^ + A^) k +(y + —J Jfe« + &c., 

and if we equate the coefficients of like powers of k, we shall obtain as 
many separate indentities, the first of which is, 

— =zx+ hxf 

X 

, «, 3*A« 4W 
•.l + 2A4.^+y^3 + &c., 

4'A* 5'A® 
therefore (I + 3A + j-g +77273^^*^ " 

■ ^A* 4*A' .^Vi* 

E<iuate now the coefficient of _ _, _ in both members of this 

' 1.2.3. ...71 

identitv, hence 

(/i+2)"= (;i+l)" +n. n"-> +!lY^_i.3.(/«-l)-» 

cr which, if we please, may be written in the following form : 
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Q^i 4* 71 (ft — 1 ^ 

provided 7i is a positive and integer number. 

(68.) Reversion of series. 

When the number of the terms in the left member of an equation is 
infinite, and they are arranged according to the ascending powers, 
the equation is of the form 

aj? -4- fejc* -f- cx^ -f- ex* + &c. r= { 

to find the value of x, arranged in a series according to the ascending 
povi^ers of J, is, in other words, to revert this series. 

This general problem may be solved by assuming a series with inde- 
terminate coefficients, asa?=A. S+ Br + Ci®+ &c., then 

x*= A*r + 2ABi^ + (B« + 2AC)?* + &c. 

a?« = A«? + 3A«B$* + &c. 
X* = A* £" + &c. 

Substitute these values in the given equation, and Ihen compare the 
coefficients of like powers of £, you will thus find 

aA=l 

aB + 6A* = 

aC +26AB + cA«= 

aD + 6 (B* + 2AC) + 3cA*B + eA* = 

&c., 

whence A = — 

a 

^ e 56c 56' 

a* a« a^ 

&c. 

Example 1. Let j?-f-a^-4- x^ -{• x* + &c. = £, 
then a = 1, 6 = 1, c =r 1, e =r 1, &c., 

therefore A=l, B= — 1, C = l, D=-l &c., 

or j?=i-^?+^-{* &c., 

which may be verified by observing that the given equation being tlie 

x" 
same as - — ^ = J, or a? r= ^ — x^, 

jri" npS jn^ 

Example 2. Let x -{- -—• 4---- +-7- -4- &c.'= E 

2 3 4' • 

1 I. 1 1 1 i? 

a= 1, o=-2-, ^— -g* c=~, &c. ' 

therefore 



2' 2 3 2.3' . 4 ' 6 8 2.3.4 



-• ti ■ 
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therefore ^ = £ - -- + — -^^^ + &c., 

which is also obvious, by considering that, since log. (1 — x) =: — J, 
therefore a: = 1 — s' 1. 

(69.) Definition. If when ^(j?) — y, we have a: = /(y), the 
function represented by / is said to be inverse to that which is repre- 
sented by <f>, and the notation 0~* is used to express this inverse 
function. 

Problem. To find the function which is inverse to any given 
rational function of a?, as ^(tr). 

If we form the equation ^ (A) = x, we have A=<|)"' (j), it is there- 
fore only necessary to determine h in this equation. 

We may put this equation under the following form : 

then h^l , f(Ji) 
from whence A = ^ f{h) + j^ {(/A)«}'+^-|--^ [ifhYY +, &c. 

h being supposed = in the right-hand member of this equation, 
therefore, 

1.2.3 Lw)-0(o)y J 

+ &c. 
X being put e= in the quantities included by square brackets. 

When (x) vanishes with a:, the form of the inverse function is 

Example. Let ^ (j?) = a a? -1- 6 j:^ + c a;* + c «* , &c. 

a?" 
then — -TTi sr (a + 6 A' + c j^, &c.)~* of which the absolute term = «•' 
<p(x) 

( — )=:(a + 6j? + cj^, &c.)~' ; coefficient of x = — 2 h'a"^ 
( — )= (a-\- 6a? + ca^y &c.)~*> when the coefficient of 

&c. 

a? 6a7* (26' — ac)x^ 
therefore 0"* (a?) = r- H r , &c. 
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the coefficient of x^ in 0"Xj?), being the same as that of j:*"* in 

1 

-(« + 6x+ c x^, &c.)'" 

n 

The method of indeterminate coefficients may be used when tlicre 

are two series, one arranged according to the' powers of x, and the 

other to those of y; the one vanishing when 07=0, and the other when 

y=0 ; thus if 

ay + hy^ -f- cy* + ey*, &c. 1=1 a' x + 6'a;« -f c'j:^ + c'cr* +, &c. 
puty= Aar+ Bar* + Cj:' 4. Da?* + , &c. 

then substituting and equating the coefficient of like powers of <r, we 
have 

a' 
rt A = a' therefore A = H — 

a 

aB + 6A« = 6' B=: + rr 

a a" 

r' ca'^ 2 A a' '" 

aC + 2i»AB + cA^=c' € = -- — r - ^(6'a«-6a'0 

&c. &c, 

where, if we accent, the unaccented letters, and remove the accent 
from the others, we shall obtain the coefficients in the series arranged 
according to the powers of y, by which x is expressed. 

" Put {x) 'zna! X'\- h'x^ + c'a« + e' x\ &c. 
Y^ (y) = ay + 6 y« + cy*+ ey\ &c. 
then since Y^ (y) = ^C^r) therefore y = Y^~* <^C^) 

But 

(.r being ultimately put equal to zero widiin the square brackets), 
in which, if we put for </;(x) (0(tr))', &c., their values arranged accord- 
ing to the powers of jr, we shall obtain the same value of y as before ; 
but in many of the astronomical applications <p{x), (</>J^)*, &c., must 
be expressed, not in powers, but other functions, such as the circular, 
in which case the terms containing like multiple arcs must be taken 
together. 

(70.) Recurring Series have been much used by Bernouilli, 
Euler, &c., in the solution of algebraical equations ; we shall here 
trace their principal properties and a])plications. 

Definition. Let S = «» -f «, + 1*3 + 1/4 + + ^'« + , &c., 

represent a series, of which the general, or xih term is ?/, ; if this 
term be such, that any term is the sum of a given number of preceding 
terms multiplied respectively by given constants, it is said to be 
recurring. 

If m be the number of such constants, it is evident that m terms 
must be given, in order to form the series; these with the m constants 
form 2m arbitrary quantities necessary for the formation of the 
eries. 
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The m constant multipliers are called the constants of relation : by 
the term constants is meant, that they do not vary with the number oi* 
tlie term of the series which they multiply. 

Example 1. One constant of relation 3, and one given term of the 
series 2. 

Series .... 2, 6, 18, 54, 162, &c. 

thus the geometrical is the most simple of recurring series. 

Example 2. Two ^constants of relation 1, 3, and the two first 
terms 2, 4. 

Series,... 2, 4, 14, 46, 152, &c. 

for 14=2xl + 4x3;46=4xl + 14x3; 152=14x1 + 46x3, &c. 

Example 3. Three constants of relation, — 1, 0, 1, and the three 
first terms, 1, 2, 3. 

Series . . 1, 2, 3, 2, 0, — 3, —5, -5,-2, 3, 8, 10, 7,-1, -11, &c., 

in which, if we subtract from any term that preceding it by two places, 
we get that which succeeds to it. 

The sum of two recurring series, each having but one constant of 
relation (that is geometrical series) will be another recurring series, 
but with two constants of relation. 

Let Ug be the general term of one geometrical series, the constant of 
relation, or common ratio of which is a. 

Let r, be the general term of another series of the same kind, and 
of which the constant of relalion is /3. 

Let IT, — Vj, + Vj, be the general term of the sum of the two series, 
when added term by term. 

It remains to eliminate t/^, Vj, between the three equations. 

^x+i = « w* ; %+i = /3 V, ; ti?, = w, + t?, . 
This elimination can be eflected in the following manner : 
(1) 10, =w, + t?, 
therefore (2) u\+i = m,+i + v^+i = a w, + /3 1\ 

(3) ii?^^.a =r u,^2 + v*+« = « w,+i +/3 v,+i = a« w, + /5* r,. 
Multiply (1) by an indeterminate constant X', (2) by X" and equate 
this sum with (3), hence i(?^+» — \' Wj^ + X''i«?x+i > under the following 
conditions, arising from the sums of the right-hand members of these 
equations. 

a-z = X' + V'tt 
fi' = X' + X")3 

therefore a, /j, are the two roots of the equation ^^siX'+X'^r, and by 
the theory of equations, it follows that X^=— a j3 , X" = « + /3 , which 
values, it will be easily seen, satisfy these two equations ; 

therefore W:,^^ = — a /3 1(7, + (a + /3) ti?^i 

that is, tlie sum is a recurring series, of which the constants of relation 
are — « /3 , a -4- /3 . 

The two first terms of this recurring series are given by the 
equations 

W^l = Ml + t?i 
Wi = q?/i + jSPi 
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Example. Take the two geometrical series, of which the respective 
first terms are 3, 1 , and the constants of relation 2, 3, viz., 

First series 3, 6, 12, 24, 48, 96, &c. 

Second series . . 1, 3, 9, 27, 81, 243, &c. 

Then the third series, formed by adding these, term by term, viz., 

4. 9, 21, 51, 129, 339, &c. 

is a recurring series, and since a = 2 , /3 = 3 ; the constants of rela- 
tion in this series are — 2 X 3 = — 6 , and 2 + 3 = 5. 

Thus 21=:-6x4 + 5x9 51=-6X9 + 5x21 

129 = — 6 X 21 + 5 X 51, &c. 

In the very same way, it appears that if three recurring series, each 
with one constant of relation, a for the first, /3 for the second, y for 
the third, be added in corresponding terms, the sum will be a recurring 
series, having three constants of relation, V, X", X'", that is, 

where V = a/3 y V' = — (a /3 + ay + /3 y) X'" =: a + /3 + y 

And generally let a', a", a'", &c., be the respective constants of 
relation of n geometrical series, of which the general terms are 
u'^y u"f, u"'gy &c., and w^y that of the series arising by taking their sum, 
then 

w, =w'. +m'^ +tt'", +,&c (1) 

w;,+x=w',+i + w% + w'"x+, + , i&c. =a' M',+a" M",+a'" m'",+ &c. . (2) 

1<^H-2+^W2+^^+2+^a'"x+«+, &c. =a'V+a"V'+a"'V"+ &C. . (3) 



t<^.+„=W?U»+«*"«+«+«^'V-+ &C.=:a'"w,+a"V^+a"V.+ &c. ,(n+l) 

Multiply the first by X', (2) by V. . . . (n) by V"^"^ and equate the 
sum with (?i + l), hence 

«^*+«=Vw?,+X"tr,+,+X'"io,^.a+. . . . +X'"^">«;,^.„«i 

provided the (/*) constant X', V, X'", &c., satisfy the n equations of 
condition, 

a'" =X'+X"a +X'"a'" +. . . . +V''^«V""* 



that is, a', a", &c,, are the n roots of the equation, 

3" = X'+ V'z + X''';s«+ .... +X'"(''V-» 
whence by the theory of equations we find 

V =(-.l)«-Va'V".,.. «'//(•) 
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thus the constants of relation being known, and the first n terms^ by 
the equations 



i/;,= cc'«-V,+a^'""V»+«'''^"" V'|+ . . . . 



the recurring series for the sum is completely known. 

'' If it should happen that the constant of relation in several (tt?) of 
the geometrical progressions was the same, then the number of the 
constants of relation in the recurring series would only be n— 7^i+ 1 ; 
thus, if a'ss «" we have i*',+i = o't*',, u^^h-i == Ju''g\ therefore if 
17, = w',+w"„ we must have w,+i = o/tt'jj+«V,= a'w,, so that the 
sum of tn such geometrical progressions is equivalent to one geo- 
metrical progression having a constant of relation differing from those 
of the 7i — m remaining series. 

If the terms of a recurring series Wi+Ma+«8+ &c. be multiplied 
by the corresponding terms of the geometrical series, l + «+z*+ 
&c., term by term, the series resulting will be another recurring 
series. 

For let \', X'', >J" , . . .X"'^"^ be the constants of relation in the given 
recurring series, or let 

therefore i/,+„2'+"-'=V^".i/^->+VV-».w,4.i5:'+V'«^.M,+8a'+»-f- ... 
Now the product of the two series, taken term by term, is the series 

Mi-f-WaZ + Ws^' + W^Z*, &c. 

which, by the preceding equation, must be a recurring series, of which 
the constants of relation are X'«", \"z''''\ Vz""' V"(">z . 

(71.) A recurring series, such as this, which is arranged according 
to the powers of some quantity z, is merely the expansion of a rational 
fraction, of which the denominator is of w, and the numerator of in- 
ferior dimensions. 

Represent the expansion of the rational fraction 

ao + «i z + «« 2* + Oa z* -h . . . . -hfln -iz"^^ 

by the series 
?<i+i/2 z+ Ws «*+ +w« z'-'-l-T/n+i z"-|- .... +t/,+n «•+•-* -f. , &c. 

If we multiply this series by the denominator of the fraction, and 
arrange the product according to the powers of z, it is clear that' the 
coefficients of higher powers of jj; than th^(n— l)th, must vanish. 

Now the coefficient of ^r*"*"""* in this product is visibly 

w,+,-X'"<»>t/,+„.i-V"(- »>!/,+„_,-. . . . -X"z/.+i-X'i/, 

therefore i/,+,=:X't/, + X" ?/,+, + V" i/,+, + . . . . V^"^w,+,_, 

consequently the coefficients u, form a recurring series, of which the 
constants of relation are X' , X" , X'" .... V"^"^ ; but in order that the 
fraction may be completely Identical with the eeriee, the first n terms 
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must have the following relations with the numerator of the fraction, 
viz., 

a^ =t/i 



tf-i =1/,- V'«i-X'"l/a- -V'^-) t/..i 

Conversely, by these equations, when the first n terms of a recurrtu^ 
series and the constants of relation are given, we can find the rational 
fraction by the expansion of which it is produced. 

Example 1. To find the rational fraction which generates a re- 
curring series, oF which the two first terms are 24'4^y and the constants 
of relation arc z* and 3^:, viz., 

X'=l X";=3 i/,=2 1/^=4 

f/o=2 f?i=:4— 6=— 2 
the fraction required is therefore 2—2;!: 

l-2«-3« 

Verification l-.3:-r02-22 (2+4z + 14^+46;t'+ &c. 

2~6;g-22' 

42 + 22* 

42— 122'--42^ 

142«— 422"- 142« 

462^142' 
462»-1382«-462« 



Example 2. To find the rational fraction which generates the 
series 

l+22 + 32« + 2i»+;:*— 32«-527-52"-22»+32»'+ &c. ■ 

when ?/i=l t/2=2 1/3=3 V=— 1 V'=0 V"=l 

ao=l i/i=2-l = l 

fla=3— 1.2=1 

1+2 + 2* 



The fraction required is therefore 



1 + 2«- 2 • 



DECOMPOSITION OF RATIONAL FRACTIONS. 

(72.) We have seen that the expansion of rational fractions produces 
recurring series ; now each such fraction can generally be decomposed 
into simple fractions, each of which (with exceptions in the case of 
equal roots) would generate geometrical series, agreeably with the 
theorem before proved, that the sum of any numl^r of geometrical 
series, added in corresponding terms, is a recurring series. 
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Let a', a", a'", . . . .o/'"W be all the roots of the equation ^(2)=s0, 
then <^(«)=C. (*-«') {z^a") («-a"0. . - .(«— «'"^"^), the quantity 
C being independent of z. 

Let f{2) be another function of r, of dimensions inferior to n ; the 
most general form of /( 2) will be Ao+A|2+ AgS^H- . .• .+A._i2"-*. 
which contains n constants. 

Suppose now we reduce to a common denominator, and add to- 
gether (he n simple fractions in the following expression: 



z 



the common denominator, or that of the -sum, will be -4i{z)^ and 
the numerator will be a function of z of n — 1, dimension^ viz. 

&c. 

which, being arranged according to the powers of 2, may be mad^ 
identical with ^(2), by determining A', A", &c., so as to satisfy the 
n equations, 

A' • + -A" +A'" + A"("^= A,_i 

AV'+«'''+...) + A"(a'+«'"+, &c.) . . . . =-A,>2 

A' (a" «"' + .. .)+ A" (*'«'" + , &c.) . . . . = A,.3 

&c. &c. 

But it should be observed, that if two or more of the roots a^j «", 

&c., be equal, then we should have fewer unknown quantities than 

equations: thus if a' =: a'', it is clear by inspection of these equations 

that A', A" have the same multipliers, so that they enter in all in the 

form A' + A", which is also obvious, since the simple fractions 

A' A" A'+ A" 

, -4 ;> would then be the same as r- ; therefore, this is a 

z—oi 2— cr 2— a' 

case of exception, in which n simple fractions are incapable of produc* 

ing as their sum, by simple fractions being meant, such that 2 is 

only of the first degree, or is linear in the denominator and the nume- 
rator constant: this case of equal roots we shall at present reserve, and 
suppose a', a", &c., to be all unequal. 

The early analysts generally sought the numerators A', A" &c., by 
elimination between the preceding equations. The following method 
is, however, more expeditious, in which we suppose C = 1, for if it 
had any other value, we couhl take it into the coefficients of the nume- 
rator by division. 

Since 

. /(f) __A^ A^^ ' A'^("> ^ 

(2-a') (2-«"). . . .(^-«'"^"0 ■"•«-«' ■*■ 2-(»" "*" • • • •2-a'''^") ' 
therefore 

This, when A', A", &c. have been properly determined, must be an 
absolute identity, whatever value we assign to 2 ; for A', A", &c., being 

H 



successive numerators of the simple frac- 

t the same formulee hold true if <f> (z) should 
?rC. 

] 

«e the fraction ^r-, 

(5:-a)(^— /3) : 

= z*— (a+/3) ^— a/3, ij>Xz)=::2z-oc+P; 



)r z, and we obtain the numerators of the 

« — l^\z — oc z—fij 






)se 



z.iz + l)iz + 2y 
nator equated to zero are 0,-1, — 2, which, 



!>' k^) 



, or, which is the same, in 



— , ffive the numerators of the 

Hi±i ^1/JL ^Jl 5_^ 

t-l)(^ + 2) 2\z z-\-\ z+2/ 
nity when f{z) is itself the derived function 

I, whatever value be assigned to z. Hence, 
'the equation <j> {z) = 0, we have 



J 
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4*' {z) _ 1 



+ 



:?/ + 



1 



z —a 



/// 



&c. 



4>{z) z — oi! z — o^ 
Example. To decompose -^^ — - into simple fractions. 
First, we.change the form of the proposed fraction thus; 






. .« 



A 

—% 



€'•*- 1 ga - g 8 



1 s^' + e^j 

• ■ 

Oft -ft 

^ — .« .« 

5* — g a 



1^ 

2 



. Now, if m denote any integer positive or negative including zero, and 
It be the semi-circumference of a circle of which the radius is unity, the 

principles of trigonometry give g'"W-»_>g-«»*N/-»r=0. Hence, if we 

ft ft ^vntr / 1 

put s«* — ff"« *=0, we have z::i '^ : the values of ^ are there- 

fore in number infinite, viz. 



SrrV-l W~l GtV-I „^ 



/i 



A 



h 



', • • • * OCi»» 



- » _- f A //tV s' 

+(ljT:2l4:5+*''-}'i 

therefore ^'(.)=.{i + Q). f,+Qj. yy^+^c. } 



Hence 



V 4- . ---A 



1 1 



1 



1 

— I — 

^ 27rV-l 



1 



W-1 



+ &c. 



+ 



z — 



h 



+ 



1 



2irV-l ' 4TrV-l 
^+ ; .= + - 



+ &C. 



h 



Corollary 1. Since 
1 h 






z^ 



2W-I 2tV~1 2V« 23^8^Z1' 2V 



r=.««-r--,.s'+&C., 



therefore 



i-=+ T^===2A|vr-^./z^--— --./i''^'' + &c.l. 



vy.'^ 
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Expanding similarly the other corresponding pairs of simple fractions, 
and collecting all the coefficients of like terms, we have 

+ &C. 

Let ^+Y«+i.+*^-=2B.*' 

11 1 ^„ _ 2'B.ii' 



1« ■ 2" 3" 1.2,3.4.5 

&c. &c. ; 

we have then pi-j=i-i+B../..+B..j^+B,.j-^fj-^; 

from which we, see that, thoui»h s'"— 1 consists of both even and odd 
powers of 2, its reciprocal contains only odd powers and a constant. 

The numbers B„ Bg, Bg, &c., may be easily calculated without 
summing the preceding series. Thus, since (putting /i= I) 

And again, 

Loff. 0W = Log. .+Log.{l+(i-..^+l.^*— +&C.)}. 

Suppose the latter logarithm, expanded and arranged according to the 
powers of 2*, to be AiZ^^A^z*^AiZ^-'&c., then, taking the derived 
functions relative to z, we have also 

^^=-H.2Ai^-4A8z' + 6A,;2*-&c.; 
therefore Bi = 1.2 A 1, B3=1.2.3.4A3, B5=1.2.3.4.5.6A5, &c. 

®"^ ^^'^2^2.1' '^^'^2^r:3*«"'2•.3.4.5=^2^3^4.5'^''•' 

therefore ^ 1=2^3' ^«=2^3~5' ^^' 

Corol'ary 2. From hence t]ie sums of the even negative powers of 
the naturul numbers are easily known. 

Ill TT* 

1*'^2*"^3*"^ ~i.2.3~90 

&c. &c, 

1 
The expansion of -7- — - according to the powers of z above 
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found, admits of a remarkable extension, which has g;reat use in the 
summation of series, and it may be easily deduced therefrom, as IbU 
lows : — 

First, we have 

1 • 2 , o 

With the left member of this equation compare the following; series : — 

VW - (/(^ + A) -fi^)) +iA(/(J?+ A) -/(x))' 

It will be seen immediately (by putting* for g'**, in the former, its expan- 

sion l + hz-^-j—^ &c., and for ^(a; + /t), in the latter, its value /(?) 

A* 
+/'W-^+/"(j:).y-7^ + &c.) that the coefficient of z in any term of 

the first series is the same as the coefficient of f^ix) in the corre- 
sponding term of the latter ; that the coefficient of z^ is the same as 
that of /"(a:), &c. ; and, since the first series is identically zero, the 
coefficients of each power of z collected from the different terms must 
separately be equal to zero; and therefore the same is true of the coef- 
ficients of f'(Jo)i /"W* ^^'m *^ t^c second series : consequently this 
second and much more general series must also be identically nothing. 

Let F(.r)=/lCJ-) -iA/'(x)+B./,y"W - j^ -/"(-r) 

then the preceding general theorem is equivalent to this: 

Example 1. Let /(cr)=:x, and consequently F(.r)=rj-t-.-; therefore 

• h ' 

F(a:+/i)=J?+-, and F(;r+A) — F(r)=A, which agrees with the tlreo- 

rem, since /'(ct) is in this case equal to unity. 

A* 
Examples. Let/(j?)=j*, and therefore F(j:) = j;* — Aa:+-~, from 

o 

whence F(j + /0 -F(a?)=(2jr+/i)A-A*=2j:A=A/'Cr). 

73. The application of this theorem to the. summation of series is 
the converse of that contained in the preceding examples ; that is, 
F(a*4-1) — F(x) is given, /'(x) which is equal to this difference, is 
therefore known; hence the successive derived functions y^'(x), /'"(a), 
&c., are easily found ; and if we can findy^j?), the function from which 
f(j) is derived, then Y{x) may be found by the theorem F(a:)=y(a:) 



-Xff 



B3 



Let 7/1, 1/2, 1/3, &c., be the terms of a jseries which it if proposed to 
sum, and let F(a;) represent the sum of x terms ; then 

F(x) = 7/|-|-T/s+i/3+.... +w,; 
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therefore F(j:+l)=Wi + 7/a+W8+. • • . +^',+v«+i; 

whence F(jr+ 1) - F(x)=: w^+p 

We must consider m,+i as fix)* ^"^ ^^en tind F(jf), as above de- 
scribed. It is only necessary to remark that, since we are to reascend 
toy(j:) from/!(x), it will be necessary to add an arbitrary constant to 
any particular value found for f(x), since, if C be a quantity inde- 
pendent of J7, then (/(a?)-f C)'=:/'(a?). This constant merely deter^ 
mines where the series is supposed to commence : if the sum, for in- 
stance, be taken from the first term, then F(l)=l^l, which equation 
will determine the constant. 

Having given this general theorem as following from the theory of 
rational fractions, we shall only give one example of its application, 
since our object in this treatise is not to discuss the summation of series 
except when the latter subject is correlative to the theory of equations. 

To find the sum of a? terms of the series P+2'-F3'-|-&c. 

Let F(a;) = P + 2»+3»+4M-. . . . +*' 
F(a?+l)-l«+2«-t-3«-f4''+. . .. +a'« + (i?+l)*; 
therefore /(j?)=F(j7+l)-Frj?)=(a:+iy 
/'(^) =3(^+1)* 

which, being constant, needs not to be written separately, but may be 

comprised in the arbitrary C of the fiinction, of which ix + iy is the 

derived, viz. i(a?4-l)* + C. 

Hence Fix)=:C+iix+iy^i(x+iy+Kx+l)\ 

To determine C, put a:=:l, observing that F(l) is merely the first 

term ; therefore l=:C + i(2*~2*-f 20, or C=0 ; 

therefore Fix) = (x+iy{(x+iy-2(x+l) + l} 



\±o^±y)h. 



that is, P+23-f-3«+ +j?«={l + 2 + 3+ +^}«. 

From this the learner will see how to apply the theorem to other 
examples, the only difficulty being to find /(a?) from /'(j?), which is 
given ; and therefore its more extensive applications must be postponed 
until he has acquired a knowledge of the integral calculus. 

74. We are now to consider the decomposition of fractions when the 
denominator, equated with zero, contains several equal roots, as in the 

fraction tt-— jjr-z jajr ; jt^tjoTi in which the dimen- 

sions of the numerator are supposed inferior to those of the denomi- 
nator. 

Put, as before, 0(2) -C2-aO(« -«")("« -«'"). • • • («-«^'^"0, 
1 _ 1 1 1_ 1 1 1__ 

K0^*'(«')' 2-a' >'(«")'^-«'''^<{>V0* (2-0"^ 

and since /(2) = {/(z)-/(«0}+/(«')={/(2)-/(«'0}+/(«'0=&c. ; 

.Herefore M^^-^f^^^^^^^^ 

0(z) 0(a) 2-« 0(« ) 5 -a'' 

^0'(«')'«-«'^^'(«")' «-«" 
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ihe uppermost line obviously being an integer function of ;::, and the 
lower purely fraclional. 

Suppose that a'+A is written for «' in each term of this identity, and 
that the terms thus arising are expanded according to the ascending 
powers of A, and finally that the coefficients of A*""^ on both sides of 
the sign = are equated, this will give the required decomposition. 

0(2) is changed into («-«'-A)(2 -.a")(2:-«'") (z-a'"<'>) ; or, 

which is the same, it becomes -.{z^ec — A)=<}>(2){ 1 ^,1; 

2 — «' \ z — »/ ^ 

therefore — ^; becomes ~-v«( 1 , 1 > and if we expand this 

nen-ative power we find the coefficient of A"*"*=- ,^ . ^ ^ , ; that 

is, the proposed proper fraction itself. 

The uppermost line of the identity, as has been observed, is an 
integer function of 2, and will be such when ce'+^ is put for J ; and 
therefore the coefficient of ^"*~S taken throughout the whole of this 
line, must be identically zero, because otherwise we should have an 
integer function of z equal to another function of the same which waS 
a proper fraction, and that is impossible. 

We have therefore only to consider the coefficients of /*"*""*, when 
a' + A is put for «' in the lower line. 

The first term is alteredlo ^, ., , . ,^ . — — ; — r, and, expandinff each 

factor according to the powers of A, we may write it thus: 



•(^»+*<=l' 



therefore the coefficient of A""' in liiis term is 

in other words, it is that part of r ,. /, ,,^ ~ — which contains 

(2— «') (^ — « )» &c. 

the negative powers of z —a'. 

The coefficients of A"*"* in the remaining terms are much more easily 

found; thus, since 0'(«")=(«"-crO («''-«'") . . . («''-a'''^"^), the 

a"— a'— A 
change of a' into a'+A converts 0'(*") ^"to 0'(oi/') . — 77 ;- 



a — a' 



f(a") 

this change does not s^t all affect ^^^^ — j,\ therefore the coefficient of 
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K^~^ in the second term of the lower line, when a!-\'h is put for a', is 

— TT — iz — t^,, f»> . 7, » and a similar expression is obtained for the 

third term, writing a'" for a'', and so on. 

Collecting now all these coeflicienls of A*"~\ and equating with the 
given fraction, we have 



. '^\<i/a'J •l.2(«-a)"-'**'' 



observing io continue the upper line only while it contains netrtitive 
powers of 2 — a', and to cease at the term which contains (z— a')'*. 
It is easy to see that (a"-a')"~y(a")={(2-o')""'4'2}', when 2 is 

put equal to a" ; and therefore the coefficients of j^, ^, &c.' 

may always be found by the application of the same rule as ihat for 
uiieqtial roots. 

Example 1. Decompose -— — —- 

z {;Z -^ I) 

• 1 

Take the fraction ; —— ^r-, and finally make a'=0, a"=:l. 

(^— a')"'(^-a") 

In this case /(2) = 1, 0(^)=:(^-a')(^-a"), 0'(-r)r=2^-(a'+a") ; 
and therefore ^V;=:a'-a", and f§-^ = ^^^^. (gj,) =^f^_J, 

{f^]^l 2^-M' &c _-^^ _L_ 

Put now, for a', a"their values in the general formula. 

1111 11 

Hence -irr--^rx=— ^— ;^— ;;rr-. --+ 



z'^iz-i) z"^ z"^'^ -?"*-* r 2— r 

which we should also deduce if we write the proposed fraction in the 

.. 1-2- 1 ^ 1 

iorm —-J — -.-r + r. 

1 — ;c z « ~ 1 

I . TA 2z^+7z^+6z + 2 
Example 2. Decompose t— . 

The roots of the denominator equated to zero are 0, 0, — 2, — 1. 
The numerators of the fractions of which the denominators are z+2j 
;r+l, will be obtained by the rule for unequal roots by writing —2, 

-1, successively for z m — _.^-_: they are -^^nd 1. 

Again in this coce ^x:) =(«+l)(5 — a') (« + 2) «' being finally 
made zero, hence ^(a^=(a'4 1) (a'+2). 
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*'^^^'^" '^r 2 + 37+^ = 1+ ^«'+ ja''&c. 

and making a'=: we find i)^ ,. =l { ^tftit ] = ^i therefore the 

. . ,. , ^ . 1 1 1 13 1 

required partial fractions are — - . —-z , —r-r > -« , ^ — . 

In like manner if we had several sets of equal roots as in the fractiun 

yw 

f- (^-a')"'(^-a"K(^-«"0'&c. 

We have only to decompose >^ ^ ^,. . », . , and then 

' (2 — a') (2 — a") (2 — a'" &c. 

put «'+ h for a' a"+ife for a" af''-\-l for «'" &c. and select from the 

component fractions the coefficient of A"*~* A;'"* ^*~* and we shall 

ha\e the reqnired simple fractions, 

75. The decomposition of rational fractions in the case of equal 
roots may however be more readily effected by ^he following theorem, 
which, I believe, has not been before given. 
P 
Let rr- be a proper rational fraction, the numerator and donomiiiator 
Q 

being functions of 2, and the latter containing a factor repeated n times, 

that is Q=(2-ocO'' • Qi- 
p 
Expand —in the form Ao+Ai (2 — a') + Aj(2— «')*+ 

+ A„.i(2-aO'*-*+ &c. 

«u "d Ai Ai A„_i 

then 7 -r— , 7 rrrri » : ^r^rri • • • • , will be partial 

fractions. 

Again, let (;:- a")'' ^e another factor of Q, or Q=(2-a")P . Q, 
p 
then expand— in the form Bo+Bi(s -«'') + 0,(2 -a'0*+ 

B,..»(2-a'0'-*+&c. 

fractions, and proceed in the same way for all the different factors 
ofQ. 

P 

The given fraction -- will be the sum of all these partial fractions. ' 

For it is evident that all the partial fractions which have no power 
of 2 — a' as denominator may be expanded in the ascending powers of 
(2— aO* all with positive indices, and they would give in the correspond- 

P 

ing value of p- no power of 2 — 0/ inferior to the «th ; the powers which 

P 
are inferior to the 71th in the expansion of -r must, therefore, arise 

Qi 
from those terms only which contain Z'—a! in their dent>minator; con- 

p 
Mquently if the first n terms of rr- be Ao+Ai(2— a') + A,(2 — a')*+ . . . 



' ' .C2/i->2) 1 

1 

— « *i • • • • 



(1-2) 



n-S 



(/i +2)....2(n-l) f 1 1 1 

. 3 . . . . (/t-1) * U'^ l-z] 
en n is odd. The same method is easily 

ed in these two examples is of use in 
of a remarkable differential equation, of 
irticular solution. ( Vide 3rd Memoir on 
ifinite Integrals, Camb, Phil, Tram, 

n when n is a positive integer, | 

i(n+l) (w+2) . , 

^^ . T n terms. And 

2.4.6 

nfinity would be 2% that is the first /t 
3 sum of the ,whole series. For the re- 



by the property that the mth figurate ni 
of m figurate numbers of the next inf 
obvious if w§ equate the coefficients of 2' 

(1 -«)-(-+•> = (!-«)■ 

Now, since every recurring series arr 
of z is the expansion of a proper rations 
recurring series may always be decomp< 
in the case where all the roots of the d 
series are geometrical. 

By this decomposition also it is easy i 
the sum of <r terms of any recurring ser 

Ad* 

Let r V- be one of the partial fra( 

(a— 2)* 

expansion of this fraction. = A . —^-7 

'^ ' 1.2,3. . (71-1); ' 

f 

efficient of x from each partial fractic 
the coefficient of x in the recurring seri< 
With respect to the summation of re 
by observing that, since 

a — 2 

we can, by taking the derived equatior 
sums of figurate series, and therefore t1 
are decomposable into them. 

76. Application^of Recurring Series 
Suppose Ai , A, , As. . . . A» are the 1 

i rin-n* Rf>rif>s. nf whioVi tlio cronprAl tArm 
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We know, moreover, that v^z' is the g;eueral term of tlie expansion 
of a proper rational fraction of the form, 

f(z) 

l-Ai2^-AiS"-* — AgZ"-* -A,r. 

Let a, /3, y, &c., be the roots of the equation, 

2/-=Ai+A8y-fA3y*+....+A^-', 

111 
then - , -7: , - , &c., are the roots of the above denominator equated 
a 13 y 

with zero, and the factors of that denominator, beside a constant, are 
til ere fore - / 

^111 

a /i y 

which we shall suppose at present to be all unequal. 
The fractions may be therefore written in the form 

/(2) 



13(l-as)(l— /3«) (l-y2) ' 

which may be decomposed into partial fractions, (as abovfe shown) or 
is equal to 

-,-'-+ T^ + T" +&«•; 

1-a;: 1— /3z 1— y2 

\^ here the coefficient of s' found by expanding each of these simple 
fractions is evidently C\ a*+C2/3'+C3y'+ &c., it follows that this 
formula expresses the general term of the given recurring series, or 

t/, = CiO* + C^p* + C3 y* + &c. ; 

therefore, 

vT^ _ C,cy.gc^-f Cg/3./3*-hC8y.y"+&c. 



= a. Ci+C 



2 



■(Sr'MiT'^^- 



[ Suppose now that a is the greatest of the roots, then ( - ) , ( - j 
diminish rapidly as x increases, and we therefore find 

a = Limit of -^ when a? = oc • ^ - - 



Us 



To converge to the greatest root of the equation 

y"=Ax+A8y+A8y'+... . +A„-,?/" 

assume n arbitrary numbers for the first n terms of a recurring series, 
of which the constants of relation are A| , As , Ag. . • . A„ , the quotient 
arising by the division of any of the formed terms of this series by the 
preceding term converges to the greatest root, the more nearly as the 
term is more remote from the origin cf the series. 



= Of 
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Example 1, Given y*:=: — 4 + 3y«. (See Euler^s Introduction,) 
Assume for the^ 3 arbitrary numbers 0, 1,3, and from them con- 
struct a recurrin«^ series, of which the constants of relation are — > 4, 0, 3, 
the terms will be 

0, 1, 3, 9, 23, 57, 135, 313, 711, 1593, 3527, &c. 

* We have selected this example after Lagrange, to show the slow 
convergence to which this method is liable in the case when the greatest 
is a double or triple root, that is one of two, three, &c., equal roots : in 
the present case the roots of tiie equation are 2, 2, — 1, and the series 
converges very slowly to the double root 2. 

To see the reason of this we must recur to the deeomposition of 
fractions. When there are equal roots to the denominator thus, if 
« = /3, the theory before given shows the rational fraction which 
generates the series of recurring coefficients, when decomposed is of 
the form 

(1 — ««)" 1— az l—fiz 1 — y z 
and in such caFc we have 

1/,= coefficient of ;?'=:{ Ci . (x+l)-f Cg} a'+Csfl'+ &c. 

{c»(j?+2)+c,}+c8 /^y^&c. 

{C,(x+l) + C,} + C,/^V &c. 
And as x increases only by unity each term of the series, it is clear 
that thoLgh (^)'@ rapidly diminish, yet ?ig±|Itil does no 

converge to unity with sufficient rapidity for practice. 

Example 2. Given y*= 10 + 9 y* 

Assume 1,5 for the two first, and with the constants of relation 
lO, 9 form a recurring series as follows : 

1, 5, 55, 545, 5455, 54545. 545455, 5454545, 

it is clear from inspection that the quotients made by dividing each 
term by the preceding, viz. 

545 5455 54545 545455 5454 545 . 

"55 * 545 ' 5455 ' "54545 ' 545455 ^' 

converge Kipidly to 10 being alternately less and greater, the error of 

u db5 

-^t^, or its difference from 10 being always here = • 

Example 3. Given ^'=1 — lOy-Gy*. 

1 

The constants of relation are 1,-10,-6, but if we make w = - 

• V 

m 

we have 

i?«=l + 6 i?+10i?% 
when the constants are positive. 
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Make 0, 1, 5, the first three terms of a recurring series, in which the 
constants of relation are 1, 6, 10, the subsequent terms are, 

56, 591, 6251, 66112, 699217. . . . 

Now if u, be the *th term of this series, then — ^ converges to 

I ' u -- . 

17, and since v=-, therefore — ^ converges to y, thus the approximate 

fifil 1 Q 

value of v. we have •rT.rTrr::— •09455147 which is correct to 

^ 699217 

the last figure, and closer than the approximations deduced by 

Lagrange (Note VI., Traiie de la Resolution des Equations Numc- 

riques)i this example has also been treated by Newton, with his 

method of approximation. 

Let us next consider how far this method may be affected by the 

existence of impossible roots; for this purpose let /3=ra+^V— 1> 

which may be put under the form R{Cos0+v — 1 SinO} , RCos0=:a, 
R Sin 6=6; therefore R*=a*+6*, then by Demoivre's theorem in 

trigonometry we have /3"=: R"{Cos7i 6+V-l Sinn©} ; hence it is 
clear that a must be greater than R, or a* must be greater than the 
product of a pair of conjugate imaginary roots, that this method 
may be successful in converging to the greatest root. 

77, I will here add a simple rule for the extraction of the square 
roots of integers, which is founded on the principles of recurring series, 
and is taken from an unpublished memoir by the Author. 

Let a be the difference between the given number N, and the next 
perfect square which is less than it. 

Let b be the difference between the perfect squares, which are im- 
mediately greater, and less than N. 

1/ u 

Take any proper fraction — , and form from it a second — , the 

I'o Vi 

new numerator Wi being found by multiplying the denominator Vq by 
a, and adding the numerator, thus Wi=:arQ-fi/o and the new denomi- 
nator by multiplying Vq by b, and adding ?/© ; similarly let -^, — , &c., 

u 
be successively formed, then — * converges to the decimal part 

of VN. 

For let m be the integer part of ^N, then ar=N — m', 6=2m + l, 
the quantities w, , v,, are, by hypothesis, formed successively by the 
equations. 

Wx+i = (N-m«)i;, + w, (1) 

v,+i = (2m-|-lK + w, • . (2) 

From equaUon (2) we find !^=: !!f±l - (2m+l) ... (3) 

Subtract now equation 2 from that which it becomes, when x+l is 
put for X, 
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Hence i;,+2—u,4.i=(2m-fl) (i?,+i-v,) + (wh-i--^*^) • • (4) 
But by (1) w,+i— w,=:(N--?n«)v, 

Substitute in (4), and arrange it according to the sub-indices of v, 

Therefore »*+8— 2:(m+l)r^i + {(m+l)«— N}i7,=0, 

or Vg is the general term of a recurring series, of which the constants 
of relation are — {(wi+1)*— N} and 2(m+l), and since the roots of 
the equation, 

y«= -{(m+l)«-N} + 2(m+l).y 

are (»n + l)+VN^, and (m+1)— ^^ of which the former is the 
greater; it follows, by the preceding theory, that the limit of 



V 



'H.i_ 



= (wi+l) + VN; therefore, by equation (3), the limit of 

— = V(N)— m; now m* being the greatest perfect square below N, 

it follows that >^N — w is the decimal part of vN", from whence the 
theorem is evident. 

Example. To find the decimal* part of ^10, by a series of con- 
verging fractions. 

The nearest perfect squares below and above 10, are 9 and 16 ; 
therefore, fl=l, 6=7 ; therefore assume any proper fraction, add its 
numerator and denominator for a new numerator, and add its nume- 
rator to 7 times its denominator for a new denominator; thus a series 
of converging fractions will be formed, the limit of which is the decimal 

part of VlO. 

Let - be the proper fraction assumed, then the converging fractions 

7 25 179 1282 -p ,^. i , p r i 

arising are -— , 7-— , --—; , rrr-—- if the last fraction be 

"=" 43 154 1103 ' 7900 

converted to a decimal, we find for >^10 the qnantity 3.1fi2278 .... 

which is correct, except the last figure, which should be 7. 

When the method of approximation to the greatest root of a given 
equation, by means of recurring series is used, if the equation be 
transformed, so that its two greatest roots may have contrary signs, 
the converging fractions will then be alternately greater and less than 
the true value ; consequently if two consecutive converging fractions be 
reduced to decimals, the cyphers which are common to them, must 
certainly belong to the true root ; this advantage is not possessed by 
many other known methods of approximation, and it can be easily found 
as follows : 

Let Ujg be the general term of the recurring series, and a, /3, y, &c., 
the roots of the given equation, of which the two numerically greatest 
are a, /3, which we suppose to have contrary signs, then 

U, — Cia'+CjjS'+Cay^-i- &C. 






l+cv(f)%c.(0''+&c.; 



1 +<?,.-) +<■..-) + &c. 



■■©■ -.(0 
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Q C 

where Cj , Cj, &c., are' put tbr-^, ~ [&c. 



Hence !^ - «= ^--^^ ! ,. ^"^ 

''' l + c,(^'-'j+c,.(^^j+ &c. 

Now when x is great, since /3>y ( -J is very great compared with 

( ~ ) &c., but is itself a very small fraction, because a>/3 ; hence the 
difference between the converging fraction and the true root is 
c. .' (- • ( - ) very nearly, and consequently it is alternately posi- 

live and nesrative, - beinff necessarily negative; therefore — ^ is 
^ a ° -^ ** I/, 

alternately greater and less than a , 

78. The sums or differences of the corresponding terms of two 
recurring series, one of which has n constants of relation, and the 
other ?t', will itself be a recurring series, having 7i+n! constants of 
relation. 

For let 1/,, Vjc be the general terms of the two recurring series 
respectively, then if a^, a^, . , .a^ /3i, /3£..../3«be respectively the 
roots of the denominators of their generating fractions, when equated 
with zero, we have 

1/,= €,«!*+ Cgaf/H- Ca a/ + &C. 

V, = B, /3i'+ B,/3/ + B,fif + &c. i 

where Bi, Bj, &c. C,, Cj, &c., are constants, 

therefore U:c±v.-C,o^i'+C^a,''+ . .. + C„a,^±Biii3,'±BA'±- • .B,/3/, 
which is obviously the general term of another recurring series, the 
denominator of the generating fraction of which is the product of the 
two denominators, and contains n-\-n^ constants. The same would 
obviously be true relative to Jigurate recurring series, if any of the de- 
nominators contained equal roots. 

The products of the corresponding terms of two recurring series, 
one of which has n constants, and the other ii^ constants of relation, 
different from the former, is itself a recurring series, having jui' con- 
stants of relation. 

Again,' if «, be the general term of a recurring series of 7i constants, 

^x w,+i is the general term of another recurring series, having — - — 

constants of relation ; these properties are easily proved in the same 
manner as the first. 

79. In the Expose Synopiique^ which precedes the posthumous 
treatise of Fourier, Analyse des Equations y there are some remarks on 
recurring series, which contain original theorems relative to the dis- 
covery of the different roots of equations by this method. No demon- 
stration of these theorems has vet been published within the knowledge 
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of the author of this treatise ; we give here the substance of these 
remarks, merely adapting the notation to our own. 

Suppose that we have formed the primitive recurring series, which 
is directly derived from the coefficients of the proposed equation, or 
the constants of relation, and from first terms which are arbitrary. 
Let I/, represent the irth term of this series, and let a' , c/' , «/" , &c., 
be the roots of the proposed, written in the order of their magnitude 
(abstraction being made of the sign), if there are imaginary roots, 
their magnitude is estimated by the square root of the ^product of a 
conjugate pair* as we have already seen. 

If the root a', which occupies the first place, is real, we can ap- 
proximate to it indefinitely by dividing each term of the recurring 
series by the preceding ; this has been also proved, but it only gives 
one root. 

To determine the following roots, take four consecutive terms, a^ 
til, ^2 9 ^8 1 ^4« form then the product U| . t/4 , of the extreme tenHis, 
and subtract from it the product u^.u^y of the two mean terms; write 
the remainder, VyU^— -11^11^9 below the first series, and perform^ in 
the same way this operation for the four consecutive terms Uf, u,, ti^, 1/5, 
and then for the next four, t^g , u^ , Uj , Kg > and so on. 

We shall have thus a second series, Vo> ^m Vt^v^^ &c., derived 
from the first, of which we may express thus the general term, 

This second series is recurring, and the limit of the 'series of 

quotients ~ , — . . . .-^,'is the sum a'+a" of the two first roots of 

the proposed, and as the first a^ is known by a preceding operation, 
the value of the second root a" will thus become known also. 

If instead of choosing four consecutive terms of the first series, 
we only take three consecutive terms i/i , t/, , t^ , and if from the 
product Ui.Ua, of the extreme terms, the square of the mean term !/« 
be subtracted, these remainders will generate another series, of which 
the general term is u, w^g— Wa+'» ' 

This series is also recurring, and the quotients arising from the 
division of each term, by that immediately preceding, converge towards 
a', a", that is the product of the two first roots. 

And in like manner rules may be given for finding the sum, the 
sum of the products two and two, and the absolute product of the first 
three roots, and so on. From what has been said we can form, 

First, A recurring series, from which the approximate values of the 
root o/ ore known. 

Secondly, A series of quotients which give the value of the pro- 
duct a' a". 

Thirdly, A third series, which gives the value of the product 
c/ a" »^" of the three first roots, and so on. '^^v^ ..; * 

If the first root is imaginary, that is to S!iy, if the product Of J wo . 
conjugate imaginary roots exceeds the sc^uare of each real root, the 
first series will give no result, the series of continued quotients will be 
divergent and vague, as remarked by Euler [and the rea son o f this is 
easily perceived frona the form of a'*, viz., n*(Cos*r0+V-l Sina?0) 
the trigonometrical functions creating a species of periodicity]. But 
in the same case the second series of quotients is convergent, and the 
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limit of these continued quotients is the real product ol a" of the 
conjugate imaginary roots. 

If the third root is real, the third series of quotients is convergent. 
The contrary happens when the" third root is imaginary, but then the 
fourth series of quotients corresponding to a' a" o?" oi" is necessarily 
convergent ; thus two consecutive series may both give convergenti 
but cannot both give divergent results. 

From these theorems it follows that to know in all cases the roots of 
a proposed equation, it suffices to form series relative to the successive 
products and to the successive sums of the roots. Thus we shall find 
the approximate values of all the real roots, and for each imaginary 

root, the real part and the coefficient of v — 1 ; this is the most extended 
use which has been made of the method of recurring series for the 
solution of equations. 

Fourier concludes with observing, that this method in practice can- 
not be deemed sufficiently expeditious ; the examples given by Euler 
are ingeniously chosen, but that mode of approximation requires in 
general too much calculation; we only consider this question in a 
theoretical point of view. The properties announced, . he adds, are 
incomparably more general than those known to the first inventors 
of those series, and the authors who have since treated on them, stating 
that his object was to complete one of the principal elements of Alge- 
braical Analysis. 

Though M. Fourier has opened here new views with respect to the 
application of recurring series to numerical equations, yet, by some 
singular oversight, the preceding theorems, with the exception of those 
referring to the continued products of the roots, are undoubtedly in- 
correct ; the transformations above indicated give recurring series, 

and if 1?, = C«' + C'^'+CV+ &c., then ^, will, as we have seen, 



Vs 



converge to a, the greatest of the quantities, a, /3, 7, &c., if it converge 
at all, now none of the preceding transformations will introduce a 
sum of two roots in the general expression for the transformed re- 
curring series, for a term such as («-|-/3)* =«a'4-a?»'~*/3 +, &c., could 
not be deduced from the primitive recurring series, without in some 
way introducing x in the transformation, which is not done in Fourier's 
rules, but a combination of two recurring series, in the way of a 
quotient, which does not generate a recurring series^ is able to give 
the simple sums of roots, or the sums of symmetrical functions of a 
certain number of roots. It will be here the most satisfactory course 
to investigate the analytical expressions on which those rules are 
founded, and then give a correct rule for finding the sum of two roots 
by means of recurring series. 

Let «, /3, y, &c., be the roots of an algebraical equation ^(a7)=0, 
and let Wj , Uj , w, , w^. . . .2/, , &c., be the terms of a recurring series, 
formed by means of its coefficients, and certain arbitrary quantities, 
as before shown^ so that 

tt, =: Ccc' + C'/3' + C"7* + &c. 

and consider first the value of the product u^j^ u^^ , in which wa 
suppose n' not less than n. 
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This product will consist of two parts, in one of which the iSimple 
roots a , /3 , 7 , &c., will be raised to the power 2x, with certain co- 
efficients, and the other of the rectangles of the roots a/3, ay, /3y, &c., 
raised to the power x, with different coefficients. 

Thus w.+„ = C«" . a* + C'/3- . i3* + C''7» , 7' + &c. 

«/*+.'== Cot". «•+ C'/3"'. /3' + C'y"'. y*+ &c. 

Therefore w,+„w,+„, = C*. «"+"'. ««' + C'« /?^'. /3«'+ C''«y"+'"y*'+ &c. 

The terms which involve the simple powers of the roots are there- 
fore invariable, if n-fn' be constant, and they may be made to disappear 
by subtraction, thus if m4-w'=/»-|-w', then 

+ CC''(a"7"'+ 7"a^ - a™7"^ — a^'y*") (ay)' 
+ &C. 

which, for abridgment, may be written c(a)8)*+c'(ay)*+c''(^y)*-|-&c. 
Now if we represent this remainder by v, we find 

/-T(r-(0©'MT)G-r'-- 






- t(|)'- t • G> - 



wiiich therefore converges to ay6 as a; increases, a, iS, being the two 
greatest roots. 

In the case of equal roots, the convergence is more slow, as c', c", 
&c., are then algebraical functions of x. 

Thus let w=0, 71' =2, m=m'=l, then the condition w+m'=n-|-7i', 
is satisfied, and we have t?,=w,M,+, — t/,+i% and therefore Fourier's 
rule for the product of the two first roots is correct, and hereby 
demonstrated. 

Again, if 71 = 0, w'=:3, m=l, w'=2, and therefore /i-t-Ti'ss/n+w', 

we have v,=:WxT/x+8— «,+iWx+j, and as we have found that -^ changes 

to afij Fourier's rule, which says that it converges towards a+fi^ is 
evidently incorrect, and it is obvious tlmt only products, and not sums, 
can be obtained by means of a single recurring series, of which the 
general term v^ is obtained by the means above used. 

But the quotient of the general terms of two recurring series, 
which does not itself exist as the general term of any recurring series, 
is susceptible of giving sums of the roots, or^of the symmetrical 
functions of a certain number of roots, as its limit, when x is infinite. 

For with the same notation let p+ 1/'=:^+/^^ and let 

then 

where e', e!', &c., represent constant8| jibrmed oimil^rly with c', cf\ &c. 

i2 
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Hence, a )8 being always the two first (when real, greatest) roots, we 
have 

l.,mit ot v,-V)8^' + a'')8'-a-'y8'* - «-^>-' 

Let 71=0, 7i'=3, v=0, y'=2, »2=1, Wi'=2, 7i=l, >i/ = l; 
then i?,=w,w,+8 — w*+iWx+8> V,=w,w,4.g— m,^.i*, and the value of this 

ffeneral expression is then ; — — — -— - — =: a-\'fi , from whence 

° a*+p* — 2ap 

this rule will follow. 

In the recurring series, formed with the scale of constants, given by 
the coefficients of a proposed equation, take four consecutive terms, 
and from the product of the extremes subtract the product ^of the 
mean terms. 

Omitting the last term of the four, from the product of the extremes 
of the other three, subtract the square of the mean. 

Divide the former remainder by the latter, the quotient will converge 
to the sum of the two greatest roots when real, and when the two 
first roots are imaginary, to double the real part of either imaginary. 

This rule enabling us to find a+y6 approximatively, and either 

-^^ or —^ , converging to a^, as has been proved, we can thus find 

a and ^ by the formula -g-[= ^T"- \/ K^") "^ "^ J 

No other easily practicable method is yet known for converging to 
the real and imaginary parts of impossible roots; but, having thus 
obtained their first approximate values, we can find them as exactly as 
we please by T. Simpson's extension of Newton's method of approxi- 
mation. 

m 

EXAMPLES. 

(1.) Given a?« = 6jc — 10. 

Assume 1, 2, for the fifst two terms of ]a recurring series, of which 
the constants of relation are — 10 and 6 ; 

1, 2, 2, —8, -68, -328, &c. 
Take the four last terms, and from the product of the extremes — j656 
subtract the product of the means 544 ; the remainder is — 1200. 

Again (omitting the last term), from the product of the extremes 
— 136, take the square of the mean 64, remainder = —200. Divide 
the former remainder by this, the quotient is 6, which is the sum of the 
roots exactly, and its one-half 3 is the real part of the imaginary roots. 

From the product 2624 of the last term and last but two, subtract 
4624, the square of the last but one, and divide the remainder —2000 
by the former corresponding remainder —200; the quotient +10 is 
the product of the roots, or the sum of the squares of the real part, 
and of the coefficient of the imaginary part ; this coefficient is therefore 

only unity, and consequently the roots are 3 ± V — 1; this example 
tests the accuracy of our rule, and of Fourier's correct rule for the 
product of the roots. 

Example (2.) a;^=7a? — 6 

Assume for first terms 0,1,2, scale of constants —6 ,7,0 
7, 8, 37, 14, 211, &c. 
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Now all the roots here are real, yet, if we divide each term by the 
preceding, the quotient^ which should converge to the greatest root 
— 3, does not until the series is continued so far that the terms shall 
be alternately positive and negative, but if we apply the rules for the 
sum and product of the two greatest, we find respectively — . 9 and 
— 6.05, the correct values being —1 and —6, thus the want of con- 
vergence, arising from badly assuming the first terms, may be greatly 
corrected by the application of these rules. 

(80.) When the ratio'of the first root, or first product ofVoots, to 
any other, is such that the sum of the squares of its real part and of 
the coefficient of its imaginary part is uuity, this method will fail : thus, 

putting w,= Co* + C')6* + &c. = o-lc + ^(-J-^ &c. | then if ^ 

be of the form above mentioned, it may be written Cos 0+V — 1. Sin 6 ; 

and therefore ( - ) will be periodical instead of converging to zero, 

this inconvenience may be remedied by a transformation of the equation 
proposed, which shall increase all its roots by a constant. 

Other inconveniences, as Lagrange remarked, may be avoided, by 
forming the first terms according to the law for the sums of the 
powers of the roots ; the subsequent terms will then be also similar 
sums of the powers expressed by the number or place of such term in 
the recurring series, and the nature of the derived recurring series will 
be then easily and accurately known. 

Thus w, = a* + )8* + 7^ + &c. 

w,w,+«-w.+,« -(cc^fiy (ccfiy + (a-7)" (oc y)' + (^8 - yY 

(fiyy-i- &c. 

and it is, by inspection of these values, easily seen, that the approxi- 
mation will be most favourably conducted, when y, (J, &c., being 
small compared with a, ^, a — y, ^—7, &c., are not great compared 
with a—fi; when a, y6, are real, it is an advantage if their signs be 
contrary. 

It would not be difficult to extend these rules to comprise the com- 
binations of three or more roots, but the numerical calculations greatly 
multiply for the formation of the proper series, at the same time the 
convergence becomes much more slow, because the number of separate 
parts which compose the general term of the derived recurring 

series, from w, which it was in the primitive, increases to — ^ 

• * 

— --^ -y &c., all of which parts, with the exception of one 

part, being rejected as small compared with it, the error arising 
evidently increases with the number of rejected terms. Besides the 
methods here explained are sufficient to find successively all the real 
and imaginary roots, by separating those which are found. 
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(81.) The early analysts bestowed much labour in the invention 
of methods for finding the simple and quadratic divisors of equations 
when rational ; this branch of research is nearly useless, for in practice 
they seldom are rational, and, when they are so, the easy methoids now 
existing^ for determining the limits of the roots of equations reduce the 
discovery of such divisors to a few trials. 

(82.) Newton's Method of Approximation. 

Let a be an approximate value to a root of the equation ^(.r)=:0, 
and a+h the correct value ; then 

0(a+A) = (f){a)+(t/(a) . h+(//'(a) . r-S + &c. = 

1 • ^ 

Now h being, by supposition, very small, the terms of this series 
which contain higher powers of h than the first are also very small 
compared with it; if therefore 0"(«)> 0'"(^) » &c., are not very great 
compared with 0'(«) , we have very nearly 0(a)4-A4>'(ct)=O, or 

0(a) 
A = — TTT-T. nearly. As we have not obtained the accurate value of 

(«) 
/t, denote this result by h^ then hi:^h very nearly, and a+Aj is 

therefore very near the sought root; let a4-Ai=<*i> and the same 

reasoning shows that aj+^s or ag is a closer approximation to this 

root, when ^g= — ■—— ^, and by repeating this process we may con- 

(a) 

verge in most cases very rapidly to the root required ; «i— ^"~3r>7~^ » 

a,=«,-^;l-if, tf3=a,-r^; if therefore we put F(a)=a-3^, 

(«i) <(>W - 0'(«) 

we have 

« 

a, = F(a) a, = F(ai) = F.F(a)=F»(a) , a^ = F(a,) = 

F.F.F(a) = F^(a) &c. 

we thus generate a continued function, converging to the root of the 
proposed equation 0(j?)=O. 

Conversely, suppose a to be the ultimate value, to which converge 
a, F(a) , F*(a) , F^(a) , &c., then when n is infinite we have 

F\a) = oc F^\a) = a. 

therefore F (a) = a 

Bu. F(.) = ,-*g 

I. r 0(a) 

therefore --jy- = ; now if j?i , a*, , or^, &c., be the roots of the pro- 
0(a) «^ 

posed equation, we have 

0'(a) 111- 

-_- = 1- ^ ^c. =: infinity. 

0(a) a— a?| a — j?, a Xg ■' 
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Therefore a must be equal to one of the roots a?i, x^^ org, &c., con- 
sequently this series of repeated functions, when convergent towards 
a limit, determines necessarily one root of the equation. Such are the 
principles on which this easy method of approximation is founded ; 
it is obvious, however, from the nature of both the direct and converse 
processes at)ove pursued, that certain circumstances are necessary to 
ensure its success. 

(83.) By the application of Sturm's theorem (Art. 21) we can 
find two limits, a, 6, of a single root of the equation 0(a?)=O , and 
we may suppose them, by subdividing their interval, to be taken 
sufficiently near each other, that no root of the equations 0'(a:)=O, 
0"(a:) = , may be included between them ; this may always be 
effected, unless either of the latter equations have one or more roots 
in common with the proposed ; and if there is reason to" suspect that 
such a relation exists, it is only necessary to seek the greatest common 
divisor of the two functions, and proceed then according to tht general 
rule to find the root corresponding to this common factor ; these 
particular cases may therefore be excluded in the following consi- 
derations : 

Since 0(a:+A) = 0(^)+A0'(a?) + i^ . 0"(^)+ &c. 

and by taking h sufficiently small, the terms after the second term 
will not influence the sign of the quantity adfled to ^(x) , and <t>\x) 
never changes its sign fi:om J=a to ar=6 , therefore i^ix) is always 
increasing or always diminishing between those limits, accor-ding as 
that Kign is positive or negative, and the same remark must hold 
for 0'(J?) , since 0"(j?) does not vanish iu the interval from x:=ia to 

Let this interval, a— 6, be divided into a very great number n of 

« 

parts, that is, let A= . 

then 0(6+ A) = 0(6)+/t0W+^. 0'W+ &c. 

and 0(6) = 0(6+^) -/t0'(6+/O+Y . 0"(6+/t)- &c 

therefore 

^^*^=^=<^(6)+5 . .^"(5)+ &c.=:^'(ft+A)-^V"(*+A)+ & 

ft A » 

T^ow since 0"(a;) does not change sign from x^nh to j?=a, therefore 
0''(6), ^'\b\-K) have the same signs, and since h is very small, 

0(6+ A) -0(^) .^ „g^,gggari|y between 0'(6) and <t/(Jb-\-h), but 0^^) 

h 
has a continuous increase or decrease from 6 to 6+ A, therefore 

^ ^ ^^ ^ , must be exactly equal to 0'(6i) , where 6, is some 

quantity between 6 and h+h. 
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A^ain, 5t ^ing between 5-}-A and 5+2A, 6, between b+2h^ and 
ft fsA, we must have 

^ — 9(*t; 

r = 0'(6,) 



and taking the sum of all these differences, we find 

0(a)-*(6) = MWi)+0W+</»'(^) + +*'(^J/ 

But 0'(<^) continually increases, or continually diminishes fit)m 
jr=6i to 6,, which are between a and 6; therefore 0(a) —^(6) is 

necessarily between n h 0'(^i) a.nd n A . 0'(6,) or r-^ — Is be- 
tween (f/ib'i) and <j/(bn)f and is therefore exactly equal to ^'(a), a being 
some quantity between ^i and b„, or, taking more extended limits, be- 
tween a and b. 

(84.) To apply this, suppose a greater and b less than a sought 
root of the equation g)(x)=iOy and such as not to include any root 
of the equations <^'(j')=rO 0''(.t)=O between them, let e, ei, be the 
errors, that is, let a — c=6+e. be the true root, then 

0(fl-.^) = 0(a)-e0'(a) = 

0(6+O =0(6)4-*'i*'(y8) = 
Where a is between a and a-e, or a: , and /3 between b and 6 + €', , 
or r, and therefore both ajuid fi are certain quantities between a and 6, 

theretbre x = o— c= o — ttt-t 

0(a) 

—-If, 

Let 0'(a) be the greatest of the two 0'(«), 0'(^) ; then it will be 
greater than 0'(a)i 0'(/5)» though with the same sign, and 0(a), 0(6), 
have obviously contrary signs ; therefore, if 0'(o) be written in the 
above expressions for 0'(a), 0'(/3), the correcting fractions for e, e^ 

will both be diminished, and therefore a— .^ ^ , 6— ,,, j , are nearer 

0'(a) 0'(«) 

limits to the sought root. than a and 6, and are, one greater, the other 

less, than it. 

Calling these new limits a\ b\ we find, in the same way, closer 

limits, d'^:zd^ ,,. ,. , ^^=6^— ., ■, and so on ; and if we convercfe 
: 0'(a') 0'(aO ^ 

thus to the true root from quantities above and below it, it is obvious 

that the digits common to the two approximations belong strictly to 
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the trae root ; thus this method of approximation will proceed with 
accuracy and rapidity. -^ 

Example. 0^—20;— 5=0. 

Divide now 0(x) by 0'(<r), and continue the division in the manner 
of finding the greatest common measure of these quantities, observing 
to change the sign of the remainders before they are used as new divi- 
sors, thus : — 

3x«-2)3(x»-2jf- 5)(j? 
3x»— 2jr 

Second divisor 4jf+15) 4(3jr«-2) (3i? ' 

12jf»+45j 

-45a:- 8 

Multiply by 4 • ' -180j?-32 (-45 

-1803?~675 * 

+ 643 
Third divisor -643 

The series formed by the given function and the successive divisors 
will in this instance bei*— 2jr— 5 ; 3jt*— ?; 4j?4-5 ; —43. The signs 
of the first terms in these expressions are -f-, -j-, -f-, — , which have 
but one alternation of sign ; therefore the equation has a pair of im- 
possible roots. Put successively 2, 3, for x in the same functions, they 
become iu the first case — 1, 4-10, +13, -43, and in the second 
+ 16, +25, +17, —43; the former substitution giving one alternation 
of sign more than the latter, it follows that the equation j?^— 2j?— 5=0 
has one, and only one, real root between 2 and 3. 
N Also, it is easily seen that neither of the equations 3jj* — 2=0, 
6t=:0, have' any root between the same limits; these numbers will 
therefore serve to commence the approximation. 

Put therefore j?=3— c=2+ei ; 

then ^(3 - 0=<^(3) -c0'(a>=O, 

where a is between x and 3, and 4*'{x) increases between these limits ; 

therefore 0'(a)<0'(3), or 25; and since ^(3)= 16, therefore —<e ; 

therefore a?<3— --, that is, 2.36 is a superior limit nearer than 3 to 

25 • 

the true root. 

Similarly, <^(2+^,)=<^C2)+«i</!»'W). fi ly»ng between 2 and ar, we 

have ^(/3)<</)'(3), or 25 ; therefore e^ is greater than — , or a?>2.04, 

a nearer inferior limit than 2. 

Though the limits 2.04, 2.36, are nearer than those first assumed, 
yet, as the digits in the first place of decimals differ by more than a 
decimal unit, we shall readily obtain a nearer superior limit by writing 
2.1, 2.2, 2.3, for x in ^(o;). The first of them which renders f^O^S 
positive must be a superior limit, since theie *\s WV. ow ^^''iX \w^.\r.- 
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tween 2 and 3, and 0(<r) can only change its sign by passing through 
zero. Now, when 2.1 is put for j?, we find 0(a?)=.O61, which is 
positive. 

We shall therefore recommence the operation with the limits 2 
and 2.1. 

0(2. 1) = 9, 261 -4. 2-5=. 061 
0(2)=8-4-5=-l 
0'(2.1) = 13.23-2=rll.23; 

. n ^« , 61 ^ 1062 

therefore ^<2 . 1 - j^^^^, pr 2+ ^^^^ 

^ c . 1000 
and a?>2-J- 



11230* 



These limits of x differ only by ; but the superior limit has a 

much nearer approximation to the root than the lower, the divisor of 
the correction in the latter being foreign to it, and borrowed from the 
superior limit; from this, converted into decimals, we haveiy'<2.09456, 
which is remarkably close as a second approximation, the true value, 
given by repeated processes in Fourier's * Analyse,' being 

2.09455.14815.42326.59148.23865.40579.30 

This example was first given as an instance of his method by Newton, 
was afterwards solved differently by Lagrange, * Equations Num^- 
riques,' and the cause of the rapid convergence by Newton's method 
pointed out * Note V.,' and finally was selected by Fourier to exemplify 
his improvements in the theory of this approximation. He has, how- 
ever, indulged in numerical calculations which were unnecessary ; for 
the sign of </)(j:), when any approximation was put for a:, would show 
whether that value was above or below the true one, because only one 
real root lies between 2 and 3 ; and since 2 makes 0(j?) negative, and 
3 makes it positive, the sign alone for intermediate values would suffice 
to determine whether they were superior or inferior limits. We may 
observe that the logarithmic method, which gives the same result as 
Lagrange's series, would in this example give 

_5 5^ 6 5' 8.9 5» ^ 
'^""2""2*"*"1.2- 27""2:3- 2'''^^'' 

a divergent series corresponding to tlfe imaginary roots. 

It is important to consider the degree of accuracy attained by this 
method of approximation. 

Suppose, as before, that «, b are the superior and inferior limits of 
the root to which we wish to approximate, containing between them 
no other root of the equation 0(j?)=O, nor any root of the equations 

0'(:r) = O, rW^O; and let a-6=^, a'=a-.^, 6'=6-^, 

h'=^a!^h' ; then a', h' are the limits obtained by the first approxima- 
tion, the accuracy of which may be judged by the relation subsisting 
between h' and h. 
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Substitute for b its value a^^h; then <li (b)=^ <l)ia) '^ d/(a).h 

+^'(y).T— ^, where it may be seen, by similar reasoning^ to that we 

have already employed, that y is some quantity between a and b ; 
hence we obtain 

therefore «'— 6'- A'=^(zl . h\ 

Now, though the quantity y and therefore 0"(y) is not accurately known, 
yet we can easily determine a known quantity greater than the latter — 
for instance, ^"(a) — if <^"'(a) is positive, or ^"(6) in the contrary case, 
on the allowable supposition that 4>"X^) ^^^ ^^ ^^^^ i" ^^^ interval 
from 6 to a; and dividing this quantity greater than (li"(y) ^Y ^<J^'(«)> 

if C be the quotient, we necessarily have A''<CA' ; and, as ,,/( would 

0(«) 
diminish for nearer approximations f since 0"(y)=0"(a)-~0'"(^)-^> 
where $ is between a and 6, or to </>"(^)+<^'"(0-^ and 0"(^), 0"'(e), 
must have, one the same sign as </>'(«), the other the contrary sign ; 
A'=o— 7, /=:7 — 6) ; therefore, when C is properly determined, if /i', 
/i", A'", &C.J be the differences of the new limits successively obtained, 
we have h!<Ch\ h^'<Qh!\ W^<Ch'f\ &c. ^ wherefore the rapidity 
of the approximation may be compared to that of a descending hyper- 

A CA* 

geometrical progression ; for if A'=— , then ^"<"77^» the number of 

places of correct decimals^ excepting the influence of C, which is always 
the same, being thus doubled at each operation. Such great conver- 
gence makes this mode of approximation as valuable as it is sure. 

When a — e is put for j?, if, instead of determining e approximately 
by the equation 0(a) — e0'(a)=O, we take the more accurate equation 

0"(a) 
0(a) — e0^(a)4-c* i » i *^^" ^^^ verification will subsist in the equa- 

tion 0(a — e)=0 to the second power of e inclusive; and if h be the 
difference of new limits obtained in this manner, the same considera- 
tions show that the diminution of the successive errors is still more 
rapid, or may be expressed by A'=:CA^, /i"=:CA'*, &c. ; but this exten- 
sion of the Newtonian approximation, requiring at each operntiou the 
extraction of a root, is less simple, and therefore less fit for use, than 
tliat which we have explained. 

For the great improvement of Newton's approximation by means of 
two limits, which include in their interval all the roots of the first and 
. second derived functions, we are indebted to Fourier; but his method 
would have been incomplete without the assistance of Sturm's theo- 
rems, which show definitively the existence or non-existence of roots 
in given intervals. For the employment of parabolic curves, however 
it may tend to illustrate the subject as an application, must be regarded 
as foreign to it when used as a mode of investigation ; and in reality 
it furnishes only a vicious circle, since nothing can be deduced from a 
curve which is not implied in the equation from which \t \^ U«ji^^. 

(85.) yf'iihoat entering on the general sub^ecV o^ eXwcvxtvaNX^xv^ ^ia. 
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shall notice Simpson's extension of the Newtonian method of approxi- 
mation. 

Let 0(j', y)=:0, F(t, y)=0, be two equations, containing two un- 
known quantities, x and y^ of which we know approximate and co-or- 
dinate values a and 6 respectively, so that j:=a+A, y=6+^, when 
h and k are both very small ; then 0(a+A* 6+^) may be expanded 
in the form ^(a, 6) + AA + B^=0, neglecting higher powers of A, k^ 
and their rectangles, as compared with their first powers ; similarly, 
we shall have F(a, 6)+A'A+B'A:=0, from which simple equations 
the first approximations to the correct values of h and k are readily 
deduced. 

Example. To find the imaginary roots of the equation 2* — 2x 
-5=0. 

Let a, /3 be the imaginary roots, of which let the sum be t and the 
product p ; let a, /3 be each put for x in the equation, and by summing 
the results we find,s*-3«p-2«— lOsrO, observing that a*+/3'=«* — 3«p. 
Again, if we subtract the result of one substitution from the other and 
divide the remainder by a— /3, we find tt*+a/3 + /3*— 2=0, or «•— p 
— 2=0, we must now seek approximate and co-ordinate values of 
« and/?, as S, P, and then-putting «=S + A/?=P+^, when h and Ar 
are supposed very small, we shall have 

(1). . . (S»-3SP-2S-10) + ^(3S*-3P-2)-3SA:=0. 

(2) (S»-P-2)+2SA~i^ =0. 

(3) HenceA = -2,gJj||±|;^=S«-P-24-2SA. ' 

The cotemporary values of x and y render S'— |?— 2=0 and their 
approximate values must render S' — P— 2 a small quantity; if we put 
S+A for S, Y-\'k for P, we shall obtain second corrections A', if, and 
putting S-hA + /i' P-f- ^ -hA/ for S and P, third corrections will be 
found, &c. 

Form now a recurring series, of which the first three terms are 
1, 2, 4, and the scale of constants are the coefficients in the given 
equation, namely 0, 2, 5 ; 

1, 2, 4, 9, 18, 38, 81, 166, 352, 737, 1534, 3234, 6753, 14138, ' 
and taking the successive quotients we find them convergent, though 
sometimes above and sometimes below the value to which they con- 
verge ; if we take only the last 3 terms we have 

6753 ^ ^^„ 14138 ^ 

3234 = ^-^^^- -6753 =.^-^^^- 
The real root being, therefore, 2.09 nearly, we must have S= — 2.09, 
and dividing 5 the product of all the roots by 2.09, the quotient is 
2.39. . . We may therefore take P= 2. 40. 

Hence S'-2S + 5=.0506. .. S«-P-2= - .0319 

3S«+3P + 2=22.3043. 
Hence /i=- . 90045 i5:=- ,0319+4, 18. A= -, 0131. 

The corrected values of S and P are thus, S= —2,0945. . .P=:2,3869, 
the first of which is' correct to the last figure, and the (second is too 
small only by .0001 ... And a second approximation is readily effected 
by writing these values for S and P in the formula above given. The 

requiredlmaginary roots are therefore— 1,0472 « * .±l>l362.,.v-^ J. 
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Example 2. To find all the roots of the equation j?*4 jr+10=() (no 
possible roots^, we must form a primitive recurring' series, of which the 
scale of constants is 0, 0,-1, — 10, and the first four terms may be 
any assumed : we shall take those corresponding to the sums of the 
first, second, third, and fourth powers»of the roots, viz. 0, 0,-3,-40. 

Primitive series, 0, 0,-3,-40, 0, -3, 70, 400,-3,— 100,-^ 1100,— 
3997, 130, 2100, 14997, 39840,-3400. 

From the product of the extremes belongincr to any four consecutive 
terms of the primitive series subtract the product of the means, and thus 
another recurring series is generated. 

1st derived series 0,-120,-9,-2800,— 210,-28009, - 5800,- 
440300,-98009,-4409700. . .in which the ratios of the consecutive 
terms, alternately greater and less than unity, have t)ut little con- 
vergence to any definite value ; therefore it will be of advantage to 
form a second primitive series, of which the. first four terms shall be 
nearly proportional to the four last-computed terms of the preceding 
and lower in numerical value, as, for example, when divided by 700 we 
have thus 

Second primitive series, 3, 21, 57,-5,-r51,-267,-565, 101, 777, 
from which the series derived in the manner above mentioned^ changing 
all the signs, will be 

1212, 786, 15475, 10792, 156006, 150394. 

In the former derived series the limits of the product of the first pair 
of impossible roots which are found by taking the quotients of the 
successive terms were |^ and 45 nearly, and in the latter one they 
are 1 and 14| nearly, which are yet too remote; another primitive 
series is therefore to be formed, taking —5,-11,2, 15 for the first 
terms which arise by -dividing the four last terms of the above by 51 
to obtain low results. 

Third prim, series, 

• -5,-il, 2, 15, 61, 108,-35,-211,-718^:045,561,2828 

and the three last terms of the derived, with s^ taken positively, are 

114923,868681, U/ , 

when the successive quotients are nearly 7^ .d 1-|. 

Divide the four last terms of this primitive series by 51 antl com- 
mence a fourth with the quotients. 

Fourth prim, series, 

-14,-20, 11, 55, 160, 189,-165,-710,-1789,-1625, 2360, 

from which we obtain for the three last terms of the derived recurring 
series 

455271, 1002065, 4582725. 

The successive quotients are now 2}, 4^ nearly ; dividing by 71 we get 
similarly 

-10,-25,-23, 33, 125, 273, 197,-455,-1523,-2927,-1515. 

Last derived terms, with signs changed, are 

326144,1269584,3768496, 
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the limits now obtained are 2, 97. . .and 8, 8. • • 

Finally form a primitive series, dividing the four last^ terms of the 
above by— 152, 

3, 10, 19, 10,-40,-119,-200,-60, 519, 1390,2060, 81. 

the three last terms of the derived are 246860, 845010, 2821861, 
from whence we find 3 '34 and 3*42 very nearly as the limits of the 
product of the first pair of imaginary roots, and since the product of 
all the roots is 10, that of the second pair is between 2.92 and 3. 

Again, a second derived series may be formed by taking from the 
product of the extremes of 3 terms the square of the mean, and 
changing the sign of the remainder, the two last of which correspond- 
ing to the two last above obtained are (519)«+60x 1390 and (1390.)« 
— 519 X 2060,*or 352761 and 861960, therefore the limits for the sum 

r*u « * • P- ki , 845010 , 2821361 
of the nrst pair of impossible roots are — -— — and or 2.4 

and 3.2 nearly, the same quantities taken negatively being the limits 
for the sum of the second pair. 

The proper limits being thus obtained, let s represent the sum and 
p the product of the first pair of roots a, jS, then we have 

a*+a+lO=0 )3*+/34.10=0 

a* — B* 

Buta*+/3*=s*-4»V? + 2p«; ^ =(a'+i3»)4.a/3(a+i3)=a»-2j». ' 

«— P . 

Hence j*— 4««p+2;?*+j+20=0 

^-'2sp+l =0 

and to obtain a first approximation, let 

S=2.5, P=3.4, «=S+A, j»=P+ifc. 

Hence (S*-4S«P-f 2P»+S+20)+(4S»-8SE+l)A— 4(S«-P)it=:0. 

(S«-2SP+1) + (3S«-2P)^-2SA: . =:0, 

or ,0625-4, 5A- 11. 4A:=0 

-,375 + ll,95A-5ifc..=0 

from whence we find ^=,0028 A=: , 0043, and for a first approxi- 
mation S=2.5028 P=3.4043 and one half the difference of these 

two roots =A /( 2 P)=li 348 . . . V— 1; hence the first pair 

of impossible roots are 1, 251 ... ±1, 348 . . . ^—l. 

For the second pair the sum is —2.5028, and the product = 

10 ' / /S' 
F=p- = 3, 231, therefore their semi-difference = ^ l-r F) = 

1 , 282 . . . .therefore the second pair are — 1, 251. . . ±1,282. . . 

This example from the near equality of the moduli of the impossible 
roots (that is the square root of the product of each pair) was un- 
favourable for the application of the method of recurring series ; but 
as this method may be said to be the only direct one known for ob- 
iaiaing a first notion of the magmiudeft of l\xe t^td «.ud imaginary parts 
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of the roots of equations, we have, therefore, developed it at length, that 
it may be seen how we are to improve the first arbitrary terms of the 
primitive recurring series, namely by commencing other series, the 
first terms of which will be small and nearly proportional to the last 
terms of the previous recurring series ; we may add that the research 
of the impossible roots of equations has been generally overlooked in 
modern treatises of algebra, although it is requisite for the integration 
of rational fractions. 

(8^.) Method of Continued Fractions. 

Let ^(a?)=0 represent a proposed algebraical equation, which we 
suppose to have some real roots, and in this method the research is 
conBned to the positive roots, and the negative roots may be found in 
the same manner by making j? = — y for then all the negative values 
of X correspond to positive values of y. 

Divide ^(x) by the derived function </)'(>r) = Vi, and change the sign 
of the remainder; let this quantity Vj be made a divisor in the same 
way for 0'(j?) and the next remainder v^ith a changed sign V3 a divisor 
for V2, and so on until we arrive at a constant V„ ; then when x is put 

= in the series of functions <^(.r), V, , Vj, V3 V„, they are 

reduced to their last or absolute terms, and when j? = 4-00 their signs 
are the same as those of their first terms ; observe how many alter- 
nations of signs there are (from + to — ) more in their last than in 
their first terms ; we shall thus know how many positive roots exist. 

Substitute in the same functions 1, 10, 100, 1000. . . . successively 
for X until the results have as few alternations of signs as the first 
terms of the functions ; then observing how many alternations are lost 
from x^^l to 10, from ^=10 to 100, &c., we shall know how many 
real roots there are in the same limits. 

If roots are between 10 and 100 then put 20, 30, 40. . . . 90 for x, 
and if, for example, we found them yet between 30 and 40, then put 
31, 32, 83, . . • .39 for jt, and thus it is plain we shall separate all 
the roots of which the difference is greater than unity, and moreover 
we shall become acquainted with the integer part of the root or roots ; 
in other words the integer which is next less than each root. 

Let p be an integer thus found which may belong to only one, or 
be common to several roots, according as the functions 0(a?) , Vj , 
Va. .. .V„, lose only one or several alternations of signs from a:=:p 
to x=p-f-l . To the remaining roots would correspond other integer 
parts, p' , p", &c., to which should be applied a similar process to that 
about to be described. 

Make ojsrpH — , the transformed equation is 

y " 

where n is used to denote the dimensions of 4)(x) . 

Our object being to approximate to the value or values of y, which 
are between p and p + 1 , we must take values of y in the transformed 
equation which are greater than unity, and positive ; the number of 
these we already know, being the same as the number of values of x 
in tiie above*mentioned interval. We can now find the iute^e.\: '^'dxl 
of the value or values ofy in the same mannet vfe ^«l^ ««v^o^^^ iot x% 
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but it should be observed, that when there is only one value c^ x 
between p and />+ 1 » there can be only one positive value of y greater 
than unity, it will be therefore sufficient to substitute the natural 
numbers, 1, 2, 3, &c., for y in such case, until the transformed function 
changes signs ; we shall thus know the integers 9 , 9 + 1 > which 
limit y. 

We have now merely to repeat this process, making y = g-| — , 

2 = r'\ — , &c., and however near two roots may be, we shall ultimately 
u 

separate them by this process. 

Such is the method of -continued fractions given by Lan:range, but 
the certainty of its application we see depends on Sturm's theorem. 

After the roots are separated, we may, by similar transformations, 
converge to one of them, the continued fraction or value of x being 

.1 
p+ - 

9 1 
+ - 

"^ 1 
+ - + &c. 

8 

and it is easily seen that the converging fractions which are deduced 
are alternately greater and less than the true value ; as such trans- 
formations are, however, in* many cases tedious and laborious, it is 
practically better to use Newton's method of approximation, after the 
separation of the roots. 

(S7.) To find the imaginary roots, Lagrange recommends to form 
the equation to the squares of the differences of the roots, so that if 
a+fijj'-l and a^fi^^l were roots of the proposed, — 4y8* would be 
a real root of the transformed and is essentially negative ; but besides 
the great labour necessary in general to form this equation, and the 

high dimensions -^— to which it rises, the labour of approximating 

to fi by means of this equation, and then of approximating to a by 

means of the equation ^(a+y8 V — l)--^(a— ;8v — 1)— 0; (which, 

.generally speaking, render the method all but impracticable) ; besides 

all these objections, there are several causes to produce an uncertainty 

in the determinations, even when all the labour is surmounted. Fo r 

instance, when two pairs of impossible roots a+fi^/^-ly a-)8>/ — 1, 

a+7V— 1, a— 7V— 1, have the possible part a common to all, 
then — (i8— 7)*, — ()8 + 7)*, will be negative roots of the transformed, 
as well as —4)8*, —47*, though they correspond to no conjugate pair 
of impossible roots of the proposed. We, therefore, in seeking such 
roots, decidedly recommend the meth|^ of recurring series:, as before 
explained, used with a due regard to the diminution of labour by 
proper assumptions ; this being the only other method existing for 
the purpose in the present state of analysis, putting out of considera- 
tion the purely tentative method of forming a table to double entry, 
in which a series of values would be assigned to fi, correspoudiDg to 
eveiy asaigaed value of a. ^ 
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(88.) Consider now the fractions converg-ing to the ultimate value 
of the continued fraction, 

1 
p^ j 



1 

s -r &c. 

they are p , p + - , p + r, &c., which may be reduced to simple 

q-i — 
^* 
fractions, capable of being successively formed, each from two pre- 
ceding* fnictions, in an easy manner. 

(X 

The (/i+l)th converging fraction being represented by ~ , we 

Pn 

have manifestly 

— = - or Uo=p ^0=1 ' 
Po JL 

« 

— = OT Ui=q(Xo+l Pi^qfio; 

Pi 9 

in this formula write 9 + — for g , and multiply numerator and deno- 
minator by r, the result will be the next converging fraction. 

(9+-)ao+l , , ,. , 

orjofj = r «! + (Zo ^2 = ^^1 + fio 
In the same manner by writing r^ for rwe obtain 

that is 03 =: sog+ai ^8~*^i+^i> 
and in general if 71 be the Tith and v the (71+ 1th) denominator of Ihe 

simple fractions, and if-** = ^" - ^ -^ , we see that a„.i , a«_2, 

Pn ifPn^l+Pn-2 

fin-^i 9 fin^2 9 depend only on the denominators which precede t/, and 
should not be altered when, to obtain the next converging fraction, we 

write w + - for w , therefore 

V V 
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and therefore a«+i— !?,««+ a«_i )8„+i=t?)8,+/8„_i , whence we see the 
generality of this law of formation which may be thus announced. 

Calling the denominators 9, r, s, &c., the partial quotients, then, 
to form the converging fraction when we stop at any given partial 
quotient, knowing the two preceding converging fractions, multiply 
the numerator which occupies one place before that sought by the 
partial quotient for the latter, and to this product add the numerator 
two places before. 

Multiply the denominator of the place before by the same partial 
quotient, and to the product add the denominator two places before. 

We shall thus have the new numerator and the new denominator. 

Example. Let the continued fraction be 

1 

3 ^ 

^ 3, &c. 

1 3 

The first two converging fractions are -—■ and ^^ , from which the 

others can be formed aS follows by the rule given, 
J_ _3. ?:2 ^ii 12? i^ 

3 ' 10 ' 33 ' 109 ' 360 ' 1189 ' ^' 

The exact value to which the fractions in this example converge is 
incommensurate, for if we represent it by x, then the actual deno- 
minator taken after the first dividing* line of the continued fraction is 
3 + J?, and therefore, 

X = or Jt*+3a? = 1 

3 + x 

3 . /13 , '. 

but since the fraction is clearly positive, we must !ake only lite upper 
sign, and therefore its correct value is - { ^(13 — 3 } 
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(89.) Every continued fraction, of which the partial denominators 
circulate, is a root of a quadratic equation ; 

For kt X =: r- 



«•+ 



a^-\- &c. 

and suppose the partial denominator to circulate after n places, (hat 
is, let a,f I = fli o«+« = (1% 9 &c. . , . ttf^^i =: ©i , &c. 



Cti 0C% (X^ 



Let — » -T-^ ~, &c., be the converging fractions^ then since 
Pi Pa" "Pa 

1 



X = 



a,+ 



1 



1 

+ 



if we consider tf«+<2^ as one partial quotient, the corresponding con- 
verging fraction ought to be the same as <r, and by the rule this is 

(i7, + X) a«.i + a^. 



(^« + J?) y8«-i + i8«-8 



= J", 



from which it is obvious that <r is a quadratic surd ; the converse of 
this proposition, namely, that every quadratic stird generates a con- 
tinued fraction With recurring periods, we shall shortly find to be 
also true. 

(90.) tlecurring now to the general laws of forming the numerator 
and denominator of the converging fractions, we can eliminate the 
partial quotient v^ and thus arrive at a relation independent of such 
quotient ; we have a.+j =: t>. or„ + »«-i 

therefore /3»«„+i - or,/3«+i = /3„ «„^i -a„/3„_i ; 

from which we learn that, when n is increased to 71+ 1, the quantity 
Pnotn-i --cxnfin-i Tctains tlic samc magnitude, but changes its sign. 
Now, when n is unity, its value is qp — iqoco+l) = — 1 ; therefore, 
when n is 2, the value is + 1 ; when n is 3, it is — ], and generally 

Thus, in the numerical example above given, we have the two con- 
secutive fractions -^^5 ^^^TTftO' accordingly we find 

1189 X 109 -(360)*= L 

Prom this it follows that every numerator in the series of converging 
fractions is prime to the corresponding denominator and to the preceding 
nnmerator, for if a^-u «n had any common measure, or cxm /3„ a com- 
mon measure, the same must measure ( — 1)'*, which is impossible. 

It also follows that the difference of two consecutive fractions is al- 
ternatively positive and negative, and is a fraction, of which the nume- 

k2 
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rator is 1, and the denominator the i)roduct of two consecutive de- 
nominators. 

Thus -5 -3-= '-r — -r^ — =;5 — ;j. which, abstracting 

from its sign, is less than I -z — J ; and since, moreover, the converging 

fractions are alternately greater and less than the correct value of the 
continued fraction, the error is less than unity divided by the square of 
the denominator of the fraction so oblained. Thus, the difference be- 

109 1 t — 109 

tween-— and-{vl3 —3} is less than the difference between ^^ 

and —j— ; that is, less than ■TH^'TTr' Thus every fraction approaches 
much more nearly to the true value than the preceding. 

Suppose now -r- to be below the true value, and — any other fraction 

at T*' ey 

also below the true value, but nearer to it than -~, then /7<;j^-» 
since the converging fractions are alternately above and below the 
true value : hence — — -r^ is positive, and less than -^ — -r^, or 

1 . Q 

; therefore P /3„ — Q a„ is a positive integer, but less than 



Q therefore cannot be less than /3„+i ; in other words, we can interpolate 
no fraction of a denominator inferior to /3,^i which shall be nearer the 



a 



a«fi 



tnie value than -~ , and d fortiori than ^ 

(91.) We proceed to illustrate by examples the theory here explained, 
with the facility given to its applicatioji by Sturm's theorem. 

Example. Given x^ — 7x^ + 17a? — 13 = 0. 

3a?«-14j:+17)3j?^-21j:M- 5U~ 39(j? 

3x^^—14x2+ 17.r ■:' , 

- 7a;2+ 34x- 39 i 

-21^*+102jc— 117(-7 ' 
- 21j?^+ 98.r— 1 19 

4-r+2 
-'2.c-1)6j;*-28j:+34(-.32' 
r -^ _ 6x^+ 3x 

y- " " " -31a?+3'i 

__ ' -62jf+ 68(31 
-623? -31 

+99 
-99 
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The equation has but one real root, which lies between 1 and 2. 

I 
Put or = 1+- <^(T)=r jc^-7x8+ 17i?- 13; 

y \ 

therefore 0(1)= -2 0'(1)= 6 ffll=-4|^=l. 

The transformed is 2y^ — 6y^ + 4y — 1 = 0. 
There is a root (the only one) between 2 and 3. 

Put y = 2 + i 01 (3/) = %' - 6y«+ 4y - 1 

therefore ar' - ^z^- 6^ ~ 2 = 0. 
The root is between 5 and 6. 

Put ;s = 5 + i 02 (z) = ;?' - 4.:' - 6^ - 2 

therefore 1%l^ -297x*- lli^—l = 0. 
The value of u is between 4 and 5. 
These transformations may be easily continued. Hence 

1" 



X— \-\- 



2 + 1 



5+1 



The converging fractions are 



4 + &c. 
I 3 16 67 

r 2' 11' 46 

Example 2. Given 8j?^ -6.r + 1 == = cf> (i) </>'(r) =6 (4a,-^- 1). 

4.c«-l)8j?'-6a;+l(2T 

Sx^ - 2 .r 

— 4j;+l 

4i:-l)4j;«-l(j^ 

4i2_-a? 



jr-1 

4i:-4( 1 
4.C— 1 



-3 
+ 3. 

The series of functions in this case is 

80:^-60;+ 1, 4a?«— 1, 4^-1, +3. 

The equation has therefore no impossible root. 

Put j?=0. The signs are +, —,-,+; and when «rr + 00, they 
are. + + + + ; therefore the equation has two poshive roots. 
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Put J?=l. The signs are + + + +. 
The two positive roots lie therefore between and 1. 

Put^=0+i; therefore;/'— 6y*+8=0=^i(t/) <(y)=3(y«-4y). 

y 

y«-42/)3/«-6/ + 8(y-2 

-2/+8 
-2y'+8y 

-8y +8 

y"- y 
-sy 



—3 

+ 3. 

The series of functions foe determinhig the limits ofy is therefore 

y^~6^«+8, 3/(2/-4), y-h +3. 

Put y=0; resulting signs are + ^ — + 

y=l - - - -4"~* + 

y=2 - - - . - - + + 

yzrzS . - - - - ~ + + 

?/=4 - - - -.-5|c4- + 

y=5 - - - - - + + + 

y=:6 - - - . + + + + 

Hence there is a root between 1 and 2, and another between 5 and 6. 

Put therefore y =1H — =5 +-, 

^ z z' 

Uy)^y''' 62/'+8 ; 0/(y)=3(y« - 43/); ^=3(y -2)^^ =1 
0i(l)=3; 



0/(l)=-9; ^^=-3 S 



0,(5)= -17; 0i'(5)=15; ^==9; 

therefore 8;5' - 9«* - 3^ + 1 = 

17/' -^ 152'«--92'-l = 0, 
when z and 2' have each only one value greater than unity. 

By observing when the preceding functions of z and z' change sign, 
we Rnd z is between 3 and 4, z' between 1 and 2. 

Put therefore 2=3 + - 2'=1+— 7: 

u u 

the transformations and continuation of the process may be then easily 
performed^ as in the preceding example : whence the two positive roqts 
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qf J? ^re + 1 , and + 1 

1 + 1 5 + 1 



3+J_ 1+JL 

Again, in the primitive series of functions, which define the limits of 
the roots of the prppospd equation, viz. ; 

8a:'-6j7+l, 4x«-l, 4a? -I, +3. 

Put a?=:0, the si^^ns are + ^ — + ^ 

a:= - 1 - --. + -+; 

therefore there is a negative root between and — 1. 

1 

To find this root, make jr— , ; 

hence y+6y'*-8=^6: 

y' must have one positive value greater than unity : it is easily found to 

be between 1 and 2. Put y'= I + -77, the transformed equation 19 

Hence zf' lies between 15 and 16, or 2"=:15H — -, . 

The required negative root is therefore — 1 

1 + 1 



15 + 1 



tt'': 



from which we see that the negative roots may be approximated to in 
the same manner as the positive. 

We shall next take for our example one which has already been 
solved by a different method, that the accuracy of the approximatioMS 
may be compared. 

Examples. a;8-2a?-5=0. 

By the method so often used before for finding the Umits of the roots 

of equations, we find that x in this case lies between 2 and 3 ; we must 

I 
therefore make a:=2H — ; and, multiplying the transformed equation 

if 

by y*, and changing all the signs, we have 

y8— 103/«-6y— IrrO. 

Substitute for y the natural positive integers until this function of y 
changes its sign from negative to positive, the equation, as we b^ve 
shown, having only a single positive root greater than unity ; and, 
since the greatest negative coefficient of an equation increased by unity 
is a superior limit to the roots, if we commence the substitutions^ putting 
for y 11 and then 10, 9, &c., the result has contrary signs for the first 
two ; therefore y is between 10 and 11. 

The next transformation arises by putting 3/= 10+.-, whence we find 
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and, since the greatest negative coefficient when the equation has been 

94 
divided by 61 is — , 2 is a superior limit ; substitute, therefore, 0, 1, 2 
•^ 61 

for Zf and the function changes sign, the results being —1, —54, 
+71, &c. ; hence z is between 1 and 2. 

Next make z=l + -, and we find the transformed to be 



t 7^ 



54M«+257r^-89M^61 = 0; 

89 
hence — +1 is a superior limit to the positive root of the equation; 

54 
and, upon substituting, we find that u is between 1 and 2. 

Similarly we put7/=l + j, and we find « between 2 and 3. s=l + -, 



s ^ 



then t is between 1 and 2. ^ = 1-1--, and r is between 3 and 4. r=3 

r 

+7, A: is between 1 and 2, &c. 
fc 

Hence 0*= 2 -i 



10+-J 



l+-i 



1+ 



2 + 



n- 



3-i-i 



1 + 



14 



12 + &C. ; 

from whence we form the converging fractions 

2 21 23 44 m 155 576 731 1307 16415 ] 
? 10' ir 21' 53' Ti' 275' 549' 6241' 7837' 

which are alternately greater and less than the true root, the error of 

the last beinfr less than TZ7^:::;r<>^ or, converted into a decimal, less than 
° (7837)* 

.0000000163. Now this fraction ——is the same as 2.0945514865, 

7837 J 

and by Newton's method of approximation we have already found 
the true root to be 2.0945514815, the error being only equal to 
.0000000051. 

The other two roots of the equation are imaginary; but, as the 
dimensions of the proposed are in this case low, they may be readily 
enough found by taking the equation of which the roots are the squares 
of the differences of the roots of the given equation — the method used 
by Waring and Lagrange. 

Let a+fiw —I and a — /Sv — 1 be the imaginary roots, the dilFerence 

of whicli is 2y6v — 1, and the square of the difference is — 4/8^ Now, 
if -^X be the square of the difterence o^ au^' Vnno\ooV"& o^\.Vi^^w^osed, 
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the equation for determiuino: X (the method for forming which we have 
given at the beginning of this work) is 

X3+ 12XH 36X- 643=0 =<i!»(X> suppose ; 
3(X«+8XH-12) = 0'X; 
X^ + 8X+12)X»+12X2+36X-643(X + 4 

X»+ 8X*+12X 

"" 4X«4-24X-643 

4X^+3:2X+ 48 

- 8X-691 

8X+691)8X«+ 64X+ 96 (X 
8X'+ C91X 



- 627X4- 96 
-5016X+768( -627 
-5016X-627X691 

remainder positive. 

The functions giving the limitsjn this case are 

X« + 12X*+36X-643, X2 + 8X+12, 8X + 691 and a negative . 
constant. 

Put X = 5; the signs are — + 4- — 
X=6 ....+++-; 

therefore X is comprised between the numbers 5 and 6. 

1 . 
Make now X= 5 4-—, and, changing the signs to render the first 

term of the transformed positive, we have 

38Y«-231Y*-27Y~1=0 ; 

231 

a superior limit to the root of which is -— 4-1, or 8. Substitute 8, 7, 

6, &c. for Y, and we find a change of sign iu the function in the two 
latter ; therefore Y is between 6 and 7. 

Hence Y=64-^ ; the transformed equation is 

271Z« - 1305Z*-453Z -38=0 ; 

1305 
the superior limit to which is HtT"^^' ^'' ^> ^"^ ^y ^^'^ same process 

'11 
repeated we find jj=54-t;, U=64-^, &c. / 

" 1 
whence X=54 



6+-i 



5+ ' 



6 + &c, \ 



133 THE THEORY OF EQUATIONS 

the converging fractions to which are 

5 31 160 991 „ 

-, — , — . — , &c. 
1' 6 ' 31 ' 192' 

We thus find X=:5. 161458. . . ; the error being less than .000002. 
Hence 2/3 =7^= 2. 27188. . . fi-l,l3b9A, . . 

Now, if we put a + )8V— 1 for j? in the proposed equation, and equate 
the possible and impossible parts separately to zero, we have 

a3_ (3/32 ^2)a- 5=0 
3a*~i6^-2 = 0. 

Multiply the former by 3 and the latter by a, and take the difference 
of the product ; 

— 15 _ 15 

""""■8/3* + 4^ 2tX+2y 

whence the sought imaginary roots are 

-1.04727... ±1.13594... V^ ; 

to which, if we desire greater accuracy, we may now apply Simpson's 
extension of Newton's method of approximation. 
Example 4, for practice. 

^'-7j:-7=:0. 
This equation has two positive roots and one negative ; they are 

1 



a:=l + 



'' l+ — 



2+ ' 



3 • 1 



4 + &c. 

1 .: 



2+ 

L -14 



4 + &C. 



1 
a'=— 3 '■ 

20 + 



3 H- &c. 



It may be observed that all the successive transformations required 
in the application of this method arise from substitutions of the form 

x= f ,, , the quantities a, 6, a\ 6' being of course different in the 

different transformations. 

I When a proper fraction - is reduced to a continued fraction, the 

number of quotients or partial fractions generated depends on g, but q 
being given it varies with ^;, we can find a limit to that varying number 
in the following manner. 
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Supposing: p to be less than q^ divide q by p, let the quotient be rtj 

and the remainder ;?„ hence - = 



V 

Again let j9 be divided by pi , let Oj be the second quotient, and p^ 



the second remainder, then - = 



p _ 1 



<1 1 

«i+ « , 

Pi 

This quantity p\^ or second remainder, is necessarily less than the 
half of p, for if pi be one-half or less than one-half of p, it is clear that 

p . ' 

^2 which is less than pi , is less than -^ , and if pi be greater than the 

half of p, then the quotient Os is necessarily unity, and 'Pt=-'p — pi is yet 
less than ^ . 

For the same reason when ^ is reduced to the form 









8 



we must have V\<2^<^% similarly Pe < -^i » and generally p2„<|;; • 

If, therefore, 2" be the nearest power of 2 less than p, p2„ must be 
1 or 0, and the number of partial fractions cannot exceed 2/?. 

Since p may be reduced by division if it exceeds g, it follows gene- 
rally, that taking 2"* for the power of 2, which is nearest below y, the 
number of partial fractions in the continued fraction which represents 

- cannot exceed 2m. 

7 1 

Example. 



" i+-i 



1+-^ 



-I 



Since 2*= 4 is the nearest power of 2 below 7, the number of 
partial quotients cannot exceed double the index, which is 4 ; but is 
in this case exactly equal to it. 

(91.) Inversion of continue d F radio ivt. 

It will be convenient to adopt a notation to express more briefly a 

general continued fraction, as n. 

fl» + . • • H 

a,. 
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It will be only necessary <o introduce the two extreme quotients a, , a^ 
. in the order in which they stand ; thus this continued fraction will be 
understood from the expression («i. . . -O* 

Let — , " - , — — be the converging fractions, then by this 

9i 9« 93 9« 

notation we shall have 

(«i) = - («M^0=^ («i..«a) = — («!.... «„)=&. . 

q\ 9i ^3 . . q 

Theorem. If ^-^, -^ be the two final conver£rinff fractions to a 

qn-i qn 

given continued fraction {a^ a„), the value of the inverted fraction 

(a., ..•«!) will be -^^^ . 

qn 

For we know by the formation of the converging fractions that 

therefore, q^ 9„_a 
- — = ^» + , 

whence qn~\__^ 1 

qn "^ ^ . 7«-2 

changing successivly n into n — 1, 7i— 2, i&c., this formula will give 

qn-% _ 1 

"n-2"1 

&C. &C. 1 

Hence ?»-i_- Ij 



«»+ 



1 

a«-i+ - — , 1 



«.-«+* • 



qn-m-l 
~ 1 

Put 7n=;i — 2, and observe that — = — , and we find 

qi «i 

Corollary. Since /?„=rr„p„.i4-jt?^.j, by following the same steps we 
find 
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Pn-X_ 1 




Pn 1 


^n— m— 1 



V 1 

Make m=n— 3, and observe that ^= — , hence 



Pn^l 1 


= (cr„ . . . . ffa) 








iry (2). Since (f/„. . .aj = — 

9« 




and (a„. . .(STa) = ^^ 




horofnra ^^^^ ' • ' «0 _ ?^« _ ^,-1 


_ (fli . . . «„) 



(92.) Conversion of algebraical formula} into continued fractions. 

l.'To convert I — — J into a continued fraction, x being greater 

than 2 : 

First, when x is of the form 2y, then 4y^ cannot be contained more 
than once in 4y*+4y + l, for 2 is greater than the greatest root of the 
equation 43/* — 4y— 1 = ; therefore 2, or any quantity greater than 2» 
will render 4y*>4y+l, and therefore 8y*>43/«+4y+ 1 ; consequently 
4y* cannot be contained twice or oftener in 4y*-f-4y-f'l • taking there- 
fore 1 as the first quotient, the remainder is 4y+ I. 

Again, 4y + l is evidently not contained y times in 4y\ but trying 
y — 1 as the quotient we find a positive remainder, which is 3y + l. 

Next Sy+l is only contained once in 4y + ly and the remainder is 
y, buty is contained 3 times in 3yH-l, with the remainder unity which 
terminates the operation, the whole of which is as follows : 

43/*)4y«4-4y-M(l 
, 4f 

4y+l)4y' (y-1 ' 
I 4y«-3y~l 

3y+l)4y+l(l 

y)Sy+\(3 







the continued fraction rcqirircd is therefore ' 
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1 



=1+ 



i+— 



34^ 



3/. 
Secondly, when x is odd the proposed fraction is then of ike form 

I -^ — ■ ) , and the' following operation will be easily understood. 

43/«-4y + l)43/« (1 

4y- l)4y*- 4y+ l(y — 1 

4y*-5y+l 
y)4y-l(3 
3y 

y-l)y(l 

y-1^ 


therefore (^|^— ^'==l + (y-l, s! l,y-l). 

/6v+lV 
2. To convert ( -4 — I into a continued fractioh, 

2l6y8)216y»+108y«+18y+l(l 

108y«+18y+l)216y« (2y^l 

216y^-72y«~16y-l 

72y«+16y-hl)l08y2+18y+l(l 

36y«H-2y)72y' + 1 6y + 1 ( 2 
72yH4y 

12y+l)36y^+2y(3y-l 
36 y' - 9y - 1 

iry + l)12y + l(l 

lly+1 

. y)lly+l(ll 

lly 

V i)y(y 



IIei.ce(^^tiJ=l + (2y-l,l,2,3y-],l,ll,y).- > 
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a' — /5' 
8, To conv^ert -^ — ■p;^^ into a continued fraction, a, /3 being any 

quantities connected by the equation tx fizz ^l. 

First observe that (a+/3) (a* - /3*) = («'+» - ^8'+^ + (oc'fi ^fi'a) 

the ordinary operation will be then represented thus 

tf»-.^*)c^+»—^'+» (a-f )8 

when an exactly similar operation recommences; therefore a 4-/5 is 
always the quotient, hence 

(a + A a4-A«+iS a\ times) = ^+,_ .,^.^ > ^ 

or if af+/8=tf, since a^= —1, therefore a— /3=:2V(l+7 ]> 
therefore, 

(a..,.....«ll„.,)={|+^(f+l)}' - {5-^(1+"}' 



{iV(^«F"-{i-v(r+"r 

which converges to -, or— /9, that is to the least root of the equation 

(93.) Problem. To find the values of finite and indefinite perio- 
dical continued fractions. 

1 1 

Let Vi = r- Vi — 



1 " . 1 

a 4 ^ « + 



■'' )8+-i 



1 

a + 



and generally ?/,= (a , fi, a^ fi, a^ fi a: times). 

Then t/,+j = _.^ . 

a 4 

fi+y. 

to satisfy which equation suppose 



t/, = 



a . m' + 6 • ^i* ' 



, Am . ?n* + B;/ . 71* 

whence w,., = — ; -; 

am . m*+ ^« • ^ 
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but if wc substitute ihe assumed value of 2/« iu tbe former expression 
for M,+i ; clearing away the denominator a . m' + 6 . n*, we find also 

_ (A +fid) . m'+(B+i6 h) . n' 

■ 

and by the comparison of similar terms we have the four following 
equations, 

B + y86 tn nB 
a+a(A + ^a) =z ma 
h-haiB + fib) = nb; 

from the first and third of which 

a wi — 1 m 

A fi m— 1 

and similarly from the second and fourth, 

b 71 — I 11 - . 



. a, 



B - fi -n-l ' 
which shew that m and n are two roots of the equation; 

(m — 1)* z= mafi 
that is m-tn =:2+a;8 ; m/i=l. 

Two more equations are necessary for the determination of the 
constants a, b ; from which the values of A, B, may be deduced by the 
preceding equations. 

Let therefore jp=1 , and we find iii = --r — r = ; — , 

op + 1 a in -\- on 

which give the two requisite equations, viz. 

Atw + B 71 = y8 

1 1 

Putting now for A its value . a^ , and . h^ in?(ead 

m — 1 71 — 1 

of B, the first equation becomes .j 

wi , 7i 

a . -•\-b, - = 1, 

771—1 71—1 

from which we readily find 

_ (?t-l) (24-«)6~m) _ 71-1 
n {n — in) n—7ti 

therefore B := -^ A =: -^- = -B 

n—ni lU'—n 
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whence finally 

m' — n* ^ m' — m"' 



(m -1)771'- (/I- i) . n' (7n"+^-m-^'+*0-(^' -»*"')• 

Example.' Let m=:2 ^8 = 1 j?=3, 

126 1 
hence 



129 , 1 

h+- 



1 + ^- 



i + - 



i-r 



Again. Let ?n^ — = 2 Cos /8=1 

m 

then 

Sin (xO) I 



SinCc + l)e— Sinrd . o- , ^ . 1 

— 4 our - + 



^ 1 + -^ 



— 4Sin'- +rT/ • 1 \ 
^ 2 l+(^ periods). 

Lastly. Let iTzr qd , then supposing m'^ n 

* m— 1 
or, 

1 //fi* fi\ fi 

(«, fi, a,fi, a, fi....adinf.) = VV «\ == V M ^^^Z ^' 

This result may be verified by making if^ = ^i '^^^^ then substituting 
2 for all the periodical fractions after the first, we thus have 

1 , fi + z 



z = 



fi + z 
therefore az^+afiz == fi 



1 -' l+afi-i-az* 



=-IV(?-9' 



and since the continued fraction is positive, the upper sign of the surd 
must be used. 

(94.) Let us next consider a continued fraction which recurs in cc, 
complete periods, the number of partial denominators in each period 
being s ; and the value of the continued fraction to the end of the jrth 
period bejng denominated v, , we have to seek the relation subsisting 
between t^^^^i and u, . 
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Represent by (Ti, a*^ as'**-^*, the partial denominators tiiken in 
the order in which they stand from the beginning to the end of a 
period, so that 






1 



1 

(Xi'\ 

«8+ ^ 1 

then on account of the supposed recurrence of a similar period, we 
have 

w, = (ofi, oTg, Ui a,-i, a, + Wi) 

W.fi = («!! Osj Oa a,_i, »,+«,). 

Suppose that the converging fractions to Vi are successively 

Pi Vt V* V^, 

— > J • • • ^ > 

9i 9i 9» 9* 

^i 9t 9a 

Hence i/i =r — , 

9. 

and by the known law of the formation of these fractions, 

p. = a,p*-i + P.-8 
9. = a* 9.-1 + 9.-s"« 

Now we may observe Ihat the expression given above for u^j^i , 
differs only from the expression for w^ , in having a,+w, instead of a,, 



and since v^ = 



— «* P*-i + P*- 



s 



a. 9*-i + 9*-« ' 
therefore w,+i = -^ ■- ; 



which formula may be further simplified by putting p, instead of 
a*Pj-i+p*-s and q,^ instead of or,9,_i-f 9,_2 , to which we have seen 
they are respectively equal, whence we have the equation sought, viz. 

Ps+Uj, . p,_i 

From this formula we are prepared to find the express value of v«» 
by a n[>ethod similar to that which we employed in the 1simp(e case» 
when each period contained only two partial deuominatoks. 
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Corollary 1. When the number of partial denommators, .?, is ex- 
ceedingly great, then the value of the continued fraction for one period 
only is the same as that for x periods. 

■CI .u • P-^ — P' 

For then smce ~ — = ■^— ; 

therefore if p,_i = cp, , we have ^..i ^ cq, , 

which substituted in the preceding equation, gives 

_ y.-^-cu.p, _ V* ^ 
q.-^-cn^q, q. 

So that the hypothesis of a continued fraction commencing to recur 
after an infinite number of terms, and so recurring, if necessary, an • 
infinite number of times, will not alter its value from that obtained 
without such an hypothesis. 

Corollary 2. Suppose the number of periods infinite, we have 

the positive root of which is Ihe value of the fracti(m continued to 
infinity ; the partial denominators also being supposed positive. 

The product of the roots — ^ being negative, ghews that one of 

them is positive and the other negative ; and their sum — ^ — ^—' 

being also negative, shews that the negative root is the greater ; 
therefore the continued fraction, ad inf., gives the least root of the 
above equation. 

Example. To find the value of a continued fraction recurring ad 

25 
inf.y the value of a single period being — . 

(95.) To find the value of a recurring continued fraction which con- 
tains X complete periods. 

By the preceding article we h^ve 

w*+i^^ — ; • 

^ q,+u^q,-i 

therefore (ap.+Ap...)m'Hbp.+ Bp^^d^ 

Hence ap,+Ap,^i^==Am aq, + Aq„i:=am 

bp,+Bp,^i^Bn bq,+ Bq.^izzbn ; 

L 2 
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therefore J^ rn ^ P.-^ ^A:L 

A 'p, m—q, 

B p; "n-q,' 

from wheuce it follows that m, n are the two roots of the equation 

w« - (p.., + q,)ni + (p.^iq.—p.q.^i) = ; 

where the absolute term = ± 1, or ( — !)'• 
Hence *'i+^i=p..i+7f ; 7/i;i =( — !)'. 

Let a:=:l, in order to determine the constants a, 6 or A| B : 

* ^p, Am+B7i 

g,"" am-^-bn ' 

therefore Am +Bn=p, am + 6w = q,* 

P P 

Put for A its value — ^ — .a, and — ^ — ,b instead of B : 

m—p,^, n-p,^i 

a h 

therefore .mH .7i — 1, 

^— p.-i n-p,^i 

and am-j'b.n:=zq,] 

, /. ^^ — Pi'i\ 
whence bnl 1 j =:9,+p,.i— 7W=w; 

\ f^—Pi-\/ 

therefore fc= t!fz} . whence B= . 

71 — 171 n—m 

Similarly a= A=:--^ — ; 

m — 7i m—n 

therefore 7tj,^p,» 



771' — 7«* 



(m— ;;,.i) . m'—(n—p^;) . 7i" 

W'— 71* 



-P'-Tz:; 



(m'+-»— 7i'+0 -J^,-i(wi'-7i') 



7?l' — 71* 



Wlicnce this theorem. 

p 
If— be the value of a single complete period, then that of x com- 

plete periods will be -^^ ^ , taking the upper or lower sign 

q, ± r- 

according as s is odd or even. 

(94) We propose, in the next place, to form the converging frac- 
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tions successively which express the values of complete periods of a 
recurring continued fraction. 

Using the same notation as before,' we have 

Wi=— W2= — 1/3=— "«^^— . 

But by the last article we have also 



»• 



w,= 



the numerator and denominator of which may be reduced to rational 
and integer formula; by means of a common multiplier which we may 

represent by -*; hence, we find, 

A 

But since m*--(/;,_i+^,)m+(-l)*=0, 

therefore m'+*-(/),_i+9,)m'+» + ( — 1)'. W=0 ; 

and a similar equation is true for n. Therefore 

^(«+«)»= (p-i+gs)qiz+i)s+ ( - 1)*"* . 7x* • 

Thus we find successively 

\P3s^(Ps-i+q,) .p2, + (— i)'"*.p* 

g8.= (2^.-i+7.)(72. + (-l)'"^7. 
&c. &c. 
Example, To find the converging fractions to the successive periods 
of a continued recurring fraction of which one complete period is 

1 



I: 



9i 1 9. 3 


9. 10 



In this case «=3 

the general formula above obtained is then (since i^g+^s^^^) 

P(»+8)-= 1 ^Poc^xy* +P*» 

Hence ^-^ E,=^ ^ = }S|. &c. 

^8 10 q, 121 q^ 1462' 

Corollary. Between the expressions for /?(,+4)„ 9(,+s)« eliminate the 
multiplier p,.^ + 7,, and we find 

Pi»fti»qi*+\)» ""2'(»+i)»7(*+«)«==( — l)'{?^(*+o«7« •"P«^(*+o«}- 
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Hence 7M(x-i).— P(x-o.?^=(-~l)'^'"*^ *Pn 

since the first of the converging fractions is -r, 

(97.) Theorem. Every recurring fraction of a complete number of 
periods may be converted into another of wbicli each period consists of 
one figure only. 

Retaining the same notation, we have, by the article preceding the 
last, 



?/,= - 



V' 



^7.i 



m'-'— n'-'' 



m' — n' 



But by Art. (92) 



m*~* — 7i'"* 



m* — n' . 1 

fn-\-n-\ 



7;i-f-7i+ 



in-\-n. . .(jc— 1 times.) ' 



therefore 



Example. 



?^=;;, 



' 1 



'M 



/?i-i+7.+ 



1 



1 + 



1 



2 + 



1 



•3 + 



1 + 



2 + 



/>.-i+g.+^ --;- 



p,_i+^,...(a?— 1 times)* 



3 . . . (j periods.) 



=7. 



10 + 



1 



' 12+ ^ 



12+&C.. . .(ci?— 1 times.) 



(98.) To find the value of a continued fraction commencing arbi- 
trarily, but afterwards proceeding in recurring periods. 

Let the arbitrary part wiiich does not recur be (^6^ ^t.. . A)> ^nd let 

P P_ P 

each recurring period be (aj, a,.. . a,) ; let -^, -p^y — * be the three 

last converging fractions to the first or non-recurring fraction ;' let u, 
be the value of the recurring fraction taken for x complete periods ; 
and let v, be the corresponding or required value of the compound con- 
tinued fraction proposed ; then 

t?*=(^i> ^f> ft. . . . A-i> A+w,)« 
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p 

Now -'= (^^, A, A. . . . fit^i, A) 

Wt , 

therefore' t^.^^^^r^"*^^-' 



Qz + WxPt-iJ 



But we know that «,=■ 



9.x 






m* — ?i* J 



Hence r ^(^^7-+ r;.,p,)(m--yO ±P,(m'-'-^ 7t'-^) 

Corollary, We may prove, as before, that the law of the formation 
of the fractions converging to whole periods is still the same. 

PH-2.= (g.+??.-i).PH^+(-l)-'.Pi 

&c. &c. 

Example, To form the fractions converging to the periods of tlie 
compound continued fraction (4, 3, 2, 1, 2, 3, 1, 2, 3, &c.). 






s 



-3 ^'-1 
-^ Q.-4' 


P, 3. 

Q.~13*- 


7 P. 

30 Q,' 


= 3 ^- = 1 
7 1 


g, 3 


p! _ 7 
g, 10' 



Hence, Pi+.= P< 7. + P«-i2?.= 7x10+ 3x7= 91, 

Q,+, = Q,^, + Q,_j;?,=: 30xl0+13x7nr391. 

The remaining numerators are formed by multiplying that immedi- 
ately preceding by 12 = 9,+p«_|, and adding the numerator again pre- 
ceding ; and the denominators are found by the same law : the required 
converging fractions are therefore 

1^ 91^ 1099 13279 
30' 391* 4722' 57055' ^* 

^' Corollary. It may be easily proved in a manner similar to that 
cited in the analogous cases which have already occurred, that 

P«+jc« Q/+(4f- 1 )* "" P<+(* - i)*Q<+«« = ( — I )* *" . p, . 
Moreover, it is visible that the converging fractious thus obtained are 
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alternately greater and less than the true value ; and the error from 

the value of ihe fraction continued to infinity is less than rrf^ — . 

^ t+x* 

(99.) Scholivm, This method adds at each operation a number of 
accurate decimal places which cannot exceed double the number of digits 
in (p«+9.-i)*- I have sought a more rapid method of forming the 
converging fractions, which quadruples at each operation the number 
of accurate decimal places. 

First, consider the fraction to complete periods, to which the con- 
verging fractions are — -^ — &c., and when this fraction is in- 

fit 

verted, let -^ ^-^ ^ &c. be the converging fractions to the new con- 

q i q ii q 8t 

tinned fraction, which has also complete periods. 
Then, as we have already seen, 

p'*=<7*-i q\^qs p'is=qu-i q'u-=qt, &c. 

But since p«,=(j9,-i+^.)p., and y),_t= ^' ^'"^ ~ = ^ - ^^ ' "" ; i, 

q' q'. 

therefore ;^2#= -^~^ — *" .p, ; 

q* 

similarlv, p &= ^-^ -, . v\ ; 

q* 

therefore — = — = -^zrm a constant. 

ViM T, p. 

Hence, m= — = — = - — = . . . . * . 

P» Pi* P*» Pi', 

Hence, j?«,= (9,+ — ^ J. 7;, 

q^rrz (^,+ —^ j.g, + («l)-i 

q» / 

Write now 2s instead of s : 
tlierefore, p^, s= (og.+ m .— — \p,', 

q^ J ' 
qu- iqu+m. ).9«.-l; 

7«. / 

and generally, ;7»'+U~ (^s* a. + ^'^"^ ) • fV . , 

q^ ' J 

the same multipliers within the brackets give the formula for P«+8«+i/, 
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and Q<4.2»+i, ; and since it is evident that ^jf+i* X^s* .*)S therefore 
(72»+i)*>'(^2'*)*j which shows that the number of accurate figures is 
at least quadrupled at each operation. 

It is ahnost unnecessary to add, that the multipliers within the 
brackets are always integers, being the same as 7t*#4-p2'«~i 5 

Ejcamplc, Reconsider the continued fraction 

__1 



3+— ^ 



■*"3+ &c. 
First multiplier =10H — ^=12; 



therefore 



■t 



q, 121 



?.84»-fl 
Second multiplier =12H — =146 

Pj^ 84x 146 12264 ; 

9,,*^ 121x146-1*" 17665* 

?(12264)«+1 

Third multiplier =17665+ — — = 21214 

17065 '^ 

pj, _ 12264x21214 _ 26016949 6 
(72,^^17665x21214-1 ~ 374745209 * 

the error of which from the value of the fraction continued ad inf, 

must be less than ^^„,^,^^^^^^ • 

(374745209)* 

• 

(100. ) Problem, To find the value of a periodic continued fraction, 
not commencing with periodic terms, and continued to infinity. 

Employing still the same notation, let U be the value of tlie periodic 
part continued to infinity, and V the sought value of the whole. 

Let m be the greatest root of the equation 
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tlieii by the foregoing articles we have 

U= 5l_=:..£l- 

^' m 
whence n:=iq, — jz. 

Moreover, since ^ = pi — Tfri — ' 

VQ,-P, 



therefore U= — 



VQ,_, -!>_,' 



therefore w=5.+p,. ^^ _p — . 

Now since ^i^*— (p#-i + g',)'i+( — 1)'=^> 

therefore («-9*)' + (9.-p#-i)C'*-9#) -"G^*-iP*=0 ; 

in which, if we substitute tlie value of n — q, in terms of V, and multiply 

the resulting equation by ^ ^— , we find 

(VQ,-P,)'=0; 

therefore, 

-{2p,P*.iQ,-i + to-77,-i)CP.Q.-i + Q,P,-i)-27,.,.P,Qj.V 
+ {p,P»i-i+(7.-P*-i)-PtP^-i-7.-i-PM=0. 

Lagrange has obtained the same equation by a very difierent pro- 
cess. ( Vide Traite cle la Resolution des EquationSy p. 56.) 

By referring to the quadratic, which is arranged according to the 
powers of 71 — 9,, we see that the absolute term is negative; therefore 
71—7, and m — q,y which are its roots, must have contrary signs; 
therefore, n — q, must be negative, m being greater than n, couse- 

quently ^~^ — r^ must be negative for that value of V wiiich cor- 

responds to the continued fraction, the other root which is foreign 
would make the same fraction positive ; one root of (he equation iii V 

P_ P 

must therefore lie between -^ ^^^ ?7 » ^"^ ^^ that which is sought 

in this question ; the other root does not lie between the same limits : 
we thus know which root it is proper to reject, and which to retain. 

Example. Find the value of the indefinlite continued f>aciion : 
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4-f- 



3+i 



2H — 
3+- 



The non-recurring part consists of two places, t = 2 ; ] 

therefore ^r^^ = - tt" = t^' 

Q<-t 4 Q, 13 

The recurring periods contain each three places, ^=3 ; 

hence ^ — = - '-= — -. 

9*-i 3 g, 10 

Therefore, 239V— 103V + 11=0; 

1 03±V 93 

478 ' 
the sign + must be given to the radical to obtain that root which lies 

1 3 

between -r and — , which is then the true value of the continued 

fraction. 

(101.) To extract the square root of a number in the form of a con- 
tinued fraction. 

Rule, Take the nearest integer immediately below the true square 
root of the number, and put the sought square root equal to this num- 
ber + the sought square root minus this number, and transpose the 
surd to the denominator by multiplying this difference by a similar sum, 

as V 5 — 1 w ould be changed to "7= T" • 

Take the nearest integer to the denominator thus formed divided by 
the numerator, and then by subtraction make the proper compensation, 
and let the surd thus arising be again transferred to the denominator 

,_ Vs - 1 2 

in similar manner; for example v3 =1+ -, = 1-1 — j= . 

A V3 + I 

By continuing this process all the partial denominators of the con- 
tinued fraction required will be found. , 

Thus, Vi7=4*+ ^S^ = 4 + ~ 



i V17 + 4' 

1 V17+4 
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VT7 + 4==.... =8 + — i , 

VT7 + 4 

therefore, >/r7=4H . 

Q + ^i? 
8 &c. 

To find ^2\. 

r-- , , V2I-4 . . 5 
V21=4+ — =4 + 



V2r+4' 



V2I + 4 , . a/21-1 , . 4 

— ^^ — =i+— r; — =1+7?-=^ 



5 "" V2r+i 
4 "~ 4 ^ V2r+3 



3 3 V21+3 

V2r+3_. V2r-i_, . 5 



4 4 V2I + I 

V2r+i _ ^ V2I-4 _ , 1 

=:H r=l + 



V2I + 4 



f—. ^21— 4 5 

V2I + 4 =8+ -^-- =8+ 



V2T+4 



V2r+4 _^ ^ ^-^ ^1 ; . ^ 



5 5 a/21+1 

V2r+1 _^ ^"^zrl ^ 



4 4 V2T+3 

After which the same formula recur, therefore 

-^ . 1 



V21=4+ 



H^ 






1^ 1 



8+— 



24 



1+ &c. 
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and the converging fractions may be found by the method pointed out 
in Art. (99.) 

To extract the square root of a fraction in the form of a continued 
fraction. 

5 
Example, To find the square root of ^ . 

o 



Vl- 



2 



-v/|=i+— ^=1+— 5^=1+ 



^.y Vu+3 



3+» 



— ^__3+ — ^ 3+ ^-^g 

VI5 + 3 „ , V15-3 „ g 

— 3— =2+— 3-=«+V!fT"3 
afler which the periods recur ; therefore 




3 + &C. 



Again, to^^find the square root of - . 

/— -s/F - 1 1 

V2 =1+ , =1 + 



1 V2 + 1 

I — V2" - 1 l_ 

vr+i=2+ _ — 2+;^=^ 

after which the periods are the same, therefore 



v^©=b 



2 1 
"^2 &c. 

4 
Again, to extract the square root of - . 



« 



3 






V28 + 4 
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V28 + 4 „ . 4/28—5 ^ 1 

» =3 + — =34 



V28+5 

1 1 V28 + 5 

V28 + 5^3^V28-4^3^ 4 



3 . 3 V284-4 



^ 4 V28+4 

after which the periods recur, 

therefore, /y/ ~= p 



^■» 1 

^+- 1 
10+— ^ 

^■^2+ &c. 

A similar method is applicable to the solution of quadratic equations 
to express the positive roots under the form of continued fractions. * 

Example. 2a?*— 3j?=6.,' 

3 V57 

4 ^ ; 4j 

Now, -^ — =2+ -_=:2+-p= 

4 4 V57+5 

^ 8 V57+3 

3 + V57 _ V57->3 _ 8]_ 

^ ^ 6 ^ \/57 + 3 

3+V57_ \^— 5 4 • 

-8— ^+— -=i+vrfTi 

5-h/57_q , V57-7 2 

^ 4 V57 + 7 

7+V57 ^ , V57-.7 ^ 4 

= 7i ^^ — =7 + -j= 



2 ' 2 



V57+7 



7+V57 ^,V57-5 8 

after which the partial denominators recur, therefore, 



4 



ap=2 + 
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1 

1+i ' 



1+1 



3+- , 
1+ — 

1 + &C. 

The successive converging fractions to the fust period arc 

1 1 2 j^ 51 160 
1 ' 2' 3* ir 80' 25l 

Hence, 2? =3'^^ q5=S0, therefore, - = ^- , 

g«. 251 pe 2 

JL 160*-4-l 

First multiplier =251+ '^-^— P^=302 ; 

251 

,, ^ »,a 160X302 4S320 

therefore, ^— = — ; — -— - — - = • 

* <7,a 251x302—1 75801 

Second multiplier, =75801+ ^'^?^^? — =91202. 
* 75801 



^ _ 48320x91202 _ 
*^"^*' Q24 "" 75801 X 91202-1 "" 



4406880640 



q^ "" 75801 X 91202-1 6913202801 ' 
and this fraction increased by 2, errs from the true value of a? by a 

quantity which is less than ^^ ^^^ ^^^ ^^ . ^^^ ,.^^ ^^^ . 
^ ^ 40,000,000,000,000,000,000 

(102) Theorefn, In applying the method of continued fractions to 
the solution of equations, the transformed equations after a few at the 
beginning will have uniformly their first and last terms affected with 
contrary signs. 

Let ^(j?)=:0 be the proposed equation, and \ be the nearest integer 

below one of its roots, then put j?=:XH — ; the transformed equation in 

if 

y has as many positive roots greater than unity, as there are values of 
no included between the consecutive numbers \ and X+1. 

Again, it is possible that two or more values of y may lie between 
two successive integers, \' and V + 1 ; in which case the transformed 

equation arising by making y=:X'^ — , has a corresponding number 

z 

of positive roots greater than unity. 

When, in continuing this process, we arrive at a transformed equa- 
tion which has not two or more roots included between two consecutive 
numbers, as 
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I 
then, making M=r«H , $ being the nearest integer below a root of this 

equation, the transformed equation in w can have but one positive root 
greater than unity, and then all the consecutive transformed equations 
will be in the same condition. 

Represent the equation in w by F(m?) = 0; let I be the nearest 
integer below the only positive root it has greater than unity, and let 

Then, 

thereforerthe first term in the transformed equation would be PC/)./"*, 

and the last , ; these terms must have contrary signs. 

1.2.3... .m 

For, by supposition, there is but a single root of the equation, 
F(ii')=0 between the limits Z and + cd ; therefore, F(0 and F(gd ) 

have contrary signs, or F(/+7- ) must have contrary signs for t=0 

and <=oo; now, rF(/+ 7 )= , ^ ^ — when/rrO; this, there- 
by 1 ,/C,o. , »m 



4 



i (». 



fore, must have a contrary sign to that which affects F(/). 

Again, since the equation in t has but one positive root between 
+ 1 and 00 , therefore the same reasoning applies to show that the next 
transformed equation and all the succeeding ones, have their first and 
last terms aflFected with contrary signs. 

Theorem, The root of every quadratic equation expressed in the 
form of a continued fraction is necessarily recurring. 

Suppose the transformations to be continued until the first and last 
terms have contrary signs, which must eventually happen, as we have 
seen in the last article ; let then the equation be] 

a'j;2— 26r— a=0. 
Let X be the nearest integer below the sole positive root which this 

equation has, and make j:=\+ ~; 

therefore, a V« - 2Vx' - a' = 0, 

where '«"= -a'\«+26\+a ) changing all the signs that the 

6' = +a'X — 6 j absolute term may be negative ; 

from whence we find 

h'^'\-a'o!':=:h*-\-aa' 

similarly, if the next transformed equation be represented by 

we must have fc"*+aV"=6'*4.aV:=6*+ao'; ' 

in fact this is the quantity which is under the radical sign in the actual 
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solution of the primitive equation ; and it is manifest that this surd 
oug^lit to remain unchanored in all the transformed equations, since the 
roots of these different equations are rational functions of each other. 

Put, therefore, &*+««'= C, 
then, since 6'* + «'a"=C, anda', d\ 6', are integers, 

therefore, 6' < ^C, and a'<C. 

Therefore the coefficients a\ b\ a", h'\ &c., cannot in any 6f the trans- 
formed equations exceed given integers; and consequently, after a 
sufficient number of transformations, the same co-existing system of 
values for a' and 6' must recur; and therefore, also, the same value for 

C — 6'* 
a" = J— ; the transformed equation thus arrived at being the 

same as one obtained before in the process, it follows that the whole 
operation, and therefore the periods of the continued fraction, must 
recur. 

(103.) Prohleih, To convert a given continued fraction into a series. 

T) ?9 1? 

Let — , — , — , &c., be the converging fractions to a given con- 
qi q% Hi 

P 

tinned fraction, and — the value when continued to infinity. 

7 hen, = = 

?^— .^= .. ""^ 
94 93 " * * 9894 



/. 



9« 9«-i * * 9«-i9« 

Hence, by addition, 

P:=£l._L+_L__L:+ + <-^^'. 

9« 9i 9i92 9i9a M4 . ^— »*?• 

and ~ =— H &c., ad itif, 

Q 9» 9t92 Ms 

The terms of this series continually diminish, and are alternately posi- 
tive and negative ; therefore the error committed by taking n terms of 
the series, instead of the whole, is less than the (7? + l)lh term. But in 
some cases it is convenient to take some of the part iar denominators 
negative. 

M 
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Thus, the continued fraction which represents the ratio of the cir- 
cumference to the diameter of a circle may be written either as 

3+— J 

15+— , 

'^— 1 
292 + ~ 



^2+ &c. 



3 + L 
7 + 



294 

3--- 

3-f i'^c. 

the second of which is best adapted to give a converging series, which, 
formed after the formuhi above given, is as follows : 

"" "^7 7x113 113x33215 33215x99532 

Periodic continued fractions may be converted into still more con- 
vergent series by a similar process. 

(104.) To determine the commencement of the periods when a qua- 
dratic equation is solved in the form of a continued fraction. 

We have seen that in the process of the successive transformations 
of the proposed equation we arrive at one of the form 

aV— 26jr — a=0, 

where a and a' have necessarily the same sign, and that thenceforvrard 
all the successive quantities a', a", a'", &c., have the same sign. One 
of the two commencing equations of this form, namely, that in which 

the last term (a or a' as the case may be) is less than V C , (since au' 
=C — 6^) will afterwards re-appear, and therefore the fraction will be 
periodical from this point of commencement. 

For suppose a to be that which is less than ^C, then the series of 

numbers a, a', a'', &c.,6, b'j Z/', &c. will all have the same sign as vC. 
For the equation aboye written gives 

b'\-JC 

x=z ^ — ; 

a 

and by the nature of the transformations it is obvious that <r>l. 
Therefore,' . 1±^>1 ; 
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C-6« 1' 
hence, — - — , — -z >1. 

«' VC-6 
But since C:=ao'+6*, 

therefore, -7=1: >1; similarly -tziz >1, &c. 

VC-6 r VC-6' 

But since b <»Ja af + b^, therefore Vc"— b has the same sign as ^/c ; 
wherefore a must necessarily have the same sign ; and like reasoning 
applies to the quantities, a\ ol\ &c. 

Now, by hypothesis, a< VC, and it is proved that — ^ — >J» 

_ VC-i ' 

therefore b must have also the same sign as V'c, for if it had a con- 
trary sign the denominator of this fraction would be numerically greater 
than the numerator, and therefore the fraction would be less than unity. 
Again, 6' must have the same sign also, for, if it had a contrary sign, 
then, since Xa'=6 + 6', \ being a whole number, and 6, y, each < JC^ 

it would follow that (/= is also < Vc ; whence, as before, 

hi 

y must have the same sign as ^C ; therefore the supposition that it 
has a contrary sign is wrong ; and the same reasoning may be extended 
to 6", 6'", &c. 

Now if any cotemporary coefficients in both these series as a'", 6''', &c. 
arc given, the preceding ones may be thence determined. 

For since 6'^'=a'"\'^-6", and b"< Vc", 

therefore V^< ^ * 



a'" 



similarly. 



4 I 



or 

But by the nature of the operation V is a positive integer ; 

therefore, 6"+ JQ>>d\ 

Now, flV"=C-6"«= (Vc"- 6")VC + 6")- 

whence ^C'-b^Ka'". 

In this inequality put for b" its value a"V— 6"' ; hence 

therefore X"> . 1 • and it has been proved to be less 

than — -^, — , and is a positive integer, therefore it can only be the 

b'"+JC 
nearest positive integer below ~— , and is therefore a known 
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quantity; and from theqce the quantities 6"=ra'"V— 6'', and 



a"= ;;; — are determined. 



Now we have seen that in the successive transformed equations 
rt':i«-26j?-a=0, aV«-26'^-a'=0. a'V«-26V-a", &c., the 
coefficients of some pair, as (a"', 6'"), (a'''^"\ ft'/'(«)) must be the same, 
therefore the coefficients of the preceding pair (a" 6"), (a'"("-'\ ft/^K-D) 
will be alike ; and thus we can continue to trace backwards to the first 
equation, which answers our supposed conditions, viz.« either that in 
which the first and last terms obtain contrary signs for tl>e first time 
or the next succeeding one, selecting that of the two in which the last 
term is less than ^C ; this equation and all the succeeding neces- 
sarily produce periodical terms. 

Corollary, In the extraction of the square root the equation is of 
the form 

a 

In this case aa'=C, and therefore the least of the two numbers a, a' 
is nicessarily less than ^C; if a be the least, then x is the square root 
of a proper fraction, and the periods must commence from the first 
operation ; but if d be the least, the next transformed equation or 
second operation will produce a periodical term. 

There are many other remarkably elegant properties and applications 
of continued fractions, but, being unconnected with the theory of 
equations, we must omit them on this occasion. 

ON THE FORMATION OF PARTICULAR CLASSES OF 

EQUATIONS. 

(105.) To form an equation of which the roots are all the natural 
numbers taken positively and negatively to infinity, and including zero. 

Ijet us first form a function F„(<r), of which the roots are 0, 1, 2, 3. . 
71, —1, —2, — 3,....— w, that is 

Fn(^')=c. a;(a;— l)(j7-2). . . . (x-r-w)(j? + l)(jr+2). . ..(a:+w). 
Hence 
F,(j?+ l)=c. (j?+ l).ar(x- 1) .... (i?-^n+ l)(jc+2)(a?+3)....Cr+n+l) 

therefore, F„(a:+ 1)= ?±!L±i . f^(^) . 

Now in the limiting case, where n is infinite, let ^(.r) be the func- 
tion sought ; and since then becomes —1, we have 

To solve this equation let ^(x):5:Cfi^ ; 
hence, C6"'.g""= -C.g"", 

or r*= — 1 ; 
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therefore mrr ±ir>J — \ , ±3rV — 1, ±59r\/— 1, &c. 

Hence the particular forms the sum of which gives the most general 
form of <;^(jc), so as to coincide with the preceding equation of differences, 
are the following : 

A sin 7i'j?+B cos xx^ 
A! sin 3Ti?+ B' cos Swj', 
A" sin 57rj:4-B"cos birx^ 
&c. &c. 

The effect of emplojing the equation of differences was to insure 
that the roots of these functions formed an arithmetical progression ; 
but in the problem they must include zero ; therefore the cosines must 
be rejected ; also the sines of the odd multiples of irx vanish for frac- 
tional as well as integer values of x ; the only function therefore which 
strictly agrees with the conditions of the question is A. sin (t^). 

In a similar way we should find that the equation of which the roots 
are 

2' 2' 2' •"•""2' ""2' — 2 • ^' ^^ ^^^ ^'^'^^* 

Let it now be required to form an equation of which the roots may 

, , 1 1 J. 1_ 

2* 2*' ' 2' * * * * '2" ' 

Let the sought function be represented by ^(ar) ; 
that is (t>{x)^ix^Y){^ - -j(^a? - 2^)(^- 2^) (^ " ^J' 

Substitute 2x for x, and separate the numerical factors of or. 

Hence ^:^(*-l)(x-i5) (x- 1). (a:- ^) . 

which, being compared with the preceding function, furnishes the equa- 

• Now ^(j?) is of the fotm 

j?''+* - a,x^ + a^x""'^ - «az"~*+ &c. ; 
therefore 

'&c. 

Again, ^'- ^"+' - •^«"+ ^*" • - p • ^ ' 
therefore 
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Compare the general coefficients in both these products, and we find 

thus, aj=2-2;p, • 

2-2^1 

^2- — , 

&c. &c. 

To form an equation of which the roots are — »i, — («i+«a) 

— («i+or«4*of8) • • . • • — .(«i + a2+of3+ +««)• 

In this case we are to form the pfoduct 

(jT+aOC^ + ai + aOC-^+ai+^a+aa)- .. -(j^H- «! + ««+ ^8+ • • ••+««). 

Represent this product by jf^+AiO?" *+A8J?""'+ . . . +A«ar*"*"+ . . . 
+ A,_iJ74-A„, the general coefficient A„ being the sums of products, 
each of which contain 7n factors. 

For Ai it is easily seen that its value is 

n»i+(n~l)a2+(n— 2)cf3+. ..2«n-i+»«. 

Again, Ag consists of products such as aia^ otiocs ot^otst &c., and pure 
powers, as ui', a,*, &c., the general form of the first class of terms is 
ttptt, ; and we now proceed to find its coefficient or the number of times 
this combination occurs, which nnmber may be denoted by (orpor,) ; and 
supposing p less than q, no factor preceding J? + ai + flfa4*. . . • o^p will be 
concerned in forming the combination in question, and in the factor 
itself and the succeeding ones, the terms preceding a^ may also be 
neglected. 

The factor commencing from the above, arranged horizontally, will 
form this diagram : 

^•¥^1+ • • •• +«p 

x + (Xi+ . . . .". .ofp+ap+i + «p+2 

"a?+ai+ ap+«p+i + «p+2+ • . • • +o^j»« 

"a?+ai+ ocp+ +a,+ of,+i 

^+Ofi'\- »p+ <',+ o^,+i + OfH-8 

&c. &c. 

Now if ofq^i were placed where the asterisk stands, the combinations 
of ttp with or, and 0,4.1 would be alike A (apO,) — (apa,+i) = the number 
of combinations of one term at the asterisk with the terms in -the ver- 
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tical column of Op , except that «,^ which is iu the same horizontal line 
with the asterisk ; it is therefore the number of terms minus one in tliat 
column which (since p — 1 factors precede the first above written) will 
be n—p. 

Therefore A denoting the finite difference when q increases by unity, 
we have 

A(apa,)=:-(n-;)) ; 

therefore (apa,)r:(/i — p)(C'-q) c being independent of ^. 

Suppose ^=7t, (Optt.) will be the number of terms miims one in the 
column of a^, since a„ enters pnly once ; that is, (a^,a„)=zn—p, there- 
fore c — 7i=l, or c=n4-l, which gives 

(ap«^)=(w-i>)(/t-g+ 1) 

As for the coefHcicHts of the powers, as a^*, denoting such by a similar 
notation («*p), they will not be affected by the supposition that ai = 
a2=0. . . .ap_i=0 ap+i=0.. ..a«=:0 ; they are therefore the sam? 

as in (1 +ap)""''-^S that is (^"PK^ •"P + ^) ^ ^vhich is half of the for- 

mula obtained by putting g=p. 

Hence, 

7i^n~l) (;t~l)(n--2) , . (n~2)0i~3) 

A,- 1.2 •"\+ 172 '""' "^ \72 ''"' "^ •"• 

(71— 1)(m - l)aia2+(w— l)(7i — 2)aias+(/i — l)(n— 3)aia4+ ... .. 

+ (/i — 2)Cn— 2)aga3+(7i~2)(7i— 3)a2a4+ .... 

+ (7i — 3)(n — 3)a8a4 4- .... 

In like manner we may classify the terms of which As is composed 
into terms of the forms o^ a, a, , a*p a, , a^p , respectively, /?, </, r, being 
arranged according to magnitude, their coefHcients may be represented 
as before by the same letters in brackets. 

Every combination of apO, may be combined with a^, except such as 
are formed from the a^ and a, , which are in the same horizontal line 
with it : if these are erased, the number w is reduced to n — 1, and the 
combinations of a^a^ are then, by what has been already shown, 
only (tz — p — I )(7i— ^) in number ; therefore the excess of the number 
of the combinations of ocr with apa, above that of ar+i is (n-r-p — 1) 
(71 — 9), or taking the finite difference in reference to r, 

A(apOf,a,)=— (?i-.p- l)(7i-9) ; 

thence (opa^a,) =(71— p — 1) (71 — 9)(c— r) ; 

and putting r=7i, we find, as before, c=7i + l ; 

therefore (apa,«r) = (/i — p -1)(»— 9)(?i— r+1); 

and generally, if /j>r r>9 9>J3> &c., then by the same process 

(a,a^a,ap.. . .) = (7i— s+ l)(7i — r)(;i — g— l)(w — p — 2). . .. 

Again, if we erase the ap, which is on the same horizontal line with 
a,, the number of combinations of the remaining terms ap, in number 

n— o, are ^ ^^ — ^ ^ ; and since the number of terms in the 
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vertical line where a^ stands is n — </ + !, it follows that 

Ca p«.;;= J 2 . (n— g+ 1; , 

, 11/4/ r/ v/ N Oi-«+l)(w-«) (.^ tim es) 

and generally, (a/'a/a/.- ••)= ^ r"^ ;? • 

(ri'-rXn-r — I).. . . (r' times) (yi — 7- l)(n — g-^2). . .,q' times 

Lastly, (ttp^) is the same as if all the terms oj, a^, &c. were zero, 
except Up , and is therefore 

(/?--p + l)0^-p)(n-y?-l) 
1.2.3 

__ „ , „N (n—p-h^Kn—p) (p' times) 

More generally («/ ) =^^ \ ' . 

L * A » • ' * P 

We have thus investigated the coefficients of every combination which 
enter the whole product, and it may be remarked that the coefficients 
of the combinations of consecutive terms are pure powers ; thus, 

(aiaj,) = (?i-l)* aa»8=(w-2)* &c. o,ag0f8=(w — 2)^ 

This example is extracted from a memoir of the Author's, published 
in the " Transactions of the Royal Society for 1837," and is of essen- 
tial use in the investigation of general formula; for the change of the 
independent variable in the " Differential Calculus." 

(106.) Having now given most of the known propeities of algebraia 
equations containing a single unknown quantity, accompanied by illus- 
trative applications, the length to which we have been conducted in these 
researches precludes us from noticing some other subjects of increasing 
interest; we refer in particular to the *' Theory of Elimination;'* we 
shall therefore conclude with some remarks on the roots of equations 
of which the dimensions are infinite; a subject which has various im- 
portant applications, but is surrounded with difficulties, and has hitherto 
received but little attention. 

Such an equation may either have no root real or imaginary, in 
which case the series corresponding to its left member is not capable 
o^ reversion, or it may have a finite or infinite number of roots, the 
reverse series ffivino- the least when real. 

In regarding the proposed as the limit of an cqiiaiion of finite dimen- 
sionsy it is convenient to choose the latter, so that the coefficients may 
be multiplied by factorials of successive orders, because on the hypothesis 
of any integer value for the order n, the general infinite series will be 
always reduced to a finite equation of n dimensions : this is the method 
which I purpose to exemplify as appearing to be most simple and 
^ general. 

Given l+x-^-x^+x^+Scc, ad inf. =0. 

The derivative series which seems best to assume in this case is 
l+n;j+n(n-l).«'+(n)(n-l)(n-2)2;3+&c. =0, 
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which is a finite equation when n is any positive integer and is re- 

ducible to the proposed by making «— -, and then supposing n in- 
finite. 

To discu€s the derivative equation, let ^= - , when it becomes 

y 

2/"+ny'-*+?i(/i-l).y«-H7i(n-l)(?i-2)3/"-H&c. =0, 
represent the left member by u and its derived by u\ and we find 

Now if i^rzO admi(s of. real roots, let them be represented by «, /5, 
&c., ot being the greatest, /3 the next, &c. regarding negative quantities 
as succeeding positive in magnitude. If a be put for y in u' it must 
give a positive result; and since it renders 7/ = 0, therefore it must 
render y* negative, which is impossible when n is even ; there can be 
then no real root. 

But as there must be a real root when n is odd, and that a renders 
y* negative, therefore a and consequently any other real roots are nega- 
tive, and would also render y^ negative ; but fl must render u' negative, 
and therefore y" positive : hence we see that in this case y has but 
one real root. 

Now if we put for y in Vy it reduces itself to its last term, which is 

positive; and if we put — ^n for the same, it becomes negative; there- 
fore y is between and — ^r?, z between — n ^ and — M, and x be- 
tween — 71^ and —X; therefore when n is infinitely great this root 
becomes — oo , This equation therefore admits of no root, the series 
ceasing to give any expression in the latter case. We see in fact that 

the series is equivalent to , which cannot vanish except when 

j7= 00 , and then the series cannot be said to be represented by that 
fraction. 

To find the roots of the equation x 5-^+ ,^ » ^ r. "- &c. =0, 

we form in like manner the derivative equation 

which is terminating when ti is a positive integer ; then put cTrrwr, 
and finally make n infinite. 

Now the latter equation is the same as 

^ , fcosO+V"^sin0V , 

and putting 2?= (an(d), we find < -. rr= > = 1 

^ Uos^-V-lsin^J 

or cos 2n0+V-l m 2yi0=l, whence 2n^=0, 2t, 4ir, 6t. . C2/t-2)7r 



170 THE THEORY OF EQUATIONS. 

and 2=0, ±tan - , ± tan — , &c. ; makincr now ?i infinite, we find 

n n ° 

j:'=0, ± T,' ± 2w, + 3t, &c., » denoting the number 3,14159 

Let the proposed equation be 

and (uke for the derivative 

!_„,+ nrn-l),_ <.-lK»-2) ^„ ^^ ^^- 

or (l-;?)-=0, 

which has only the root ;r=l, therefore 4r = co,or there is no finite 
quantity which will satisfy the proposed. 

Our last example is one, which though differently treated, has already 
attracted the attention of mathematicians, not so much with a view to 
its applications in the higher parts of analysis, and its remarkable con- 
nexion with important physical problems, but as a test for merely 
algebraical theorems. 

Let 1 r- A h &c. =0 ; 

1« ^ P. 2- i«.2«.3« ^ ' 

the series which I take for its derivative is 

11 ^1.2 1.2 . ** . , 

all the roots of which we have already proved to be real and positive, 
and to lie between and 1 ; and I have shown in my '* Treatise on 

Electricity" that the difference of two successive roots is of the order - ; 

n 

hence the limits of all the values of x may be easily found by the sub- 
stitution of the natural numbers for x, and by observing the alternations 
of signs which result. 

Thus, when a:<l, all the terms within brackets of the following 
series are obviously positive, viz. : 

there exists therefore no root less than unity, or equal to it. 

When J? =2 the sum of the 3 first terms vanishes, and the series 

2/ 2\ 23/ 2\ 

becomes - j.(^l - j.j -gr^T^^^l " "gi j - &e. which i 

live, consequently there must be a real root between 1 and 2; and 
it is easy to be shown that there is but one. When j?=3 the sum of 
the first five terms is negative, and all the succeeding terms taken in 
pairs give necessarily negative results, and a fortiori we find the same 
for quantities between 2 and 3; there is therefore no root in tliis 



IS nega- 
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interval, nor as far aa a'=4, 5, 6, 7, 8 ; but the results in all these 
cases are very small and rapidly diminishing. If we denote (he pro- 
posed function in this case by u and by w, , Wg, &c., those from which it 
is successively derived, each vanishing: when a?=0, also by u', u'\ &c., 
its own successive derived functions, it possesses the following property, 
which expresses the relation between its derived and primitive functions 
?/,„—( — J?)*" u'''^"'^=0 ; thus, if m=l, we have i/i+.rtt'=0 ; and since the 
substitution of the roots of w=0 in u' being all real would produce a 
series of alternations in the signs, the same would occur to v^ in the 
contrary way, j? being always positive. The definite integrals of the func- 
tion u when multiplied by other functions, possess very remarkable pro- 
perties, intimately allied with the interior airaiigeuient of latent elec- 
tricity in bodies; but one object in selecting it here was to exemplify 
the method we have suggested above for examining transcendents not 
algebraically expressible, and to attract the reader's attention to a func<- 
tion as remarkable in nature as in analysis. The whole subject of 
equations infinite in their dimensions would require more space and 
consideration than can be here conveniently permitted. 
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